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Chapter 1: Introduction

The theory of error-correcting codes underpins much of classical and quantum information theory,
and forms an integral part of combinatorics and applied algebra. From their inception as a means to
reliably transmit information, error-correcting codes have become indispensable tools even in more
abstract realms such as computational complexity theory and quantum computation. Reed—Muller
(RM) codes, first introduced in 1954 by David E. Muller, are among the oldest infinite families of
codes and remain among the most ubiquitous. Though they were first described over 70 years ago,
they continue to be a fruitful source of research and insight.

The utility of RM codes arises from their rich algebraic and combinatorial structure [MS77,
AK98]. For instance, while it has long been known that the general affine group forms the auto-
morphism group of RM codes [MS77], only recently was the doubly transitive action of this group
exploited to prove that RM codes achieve the Shannon capacity of the binary symmetric channel
[KKM™15, RP23, AS23]. Regarding more computational properties, RM codes are known to be lo-
cally testable [AKK™05], with an optimal local tester constructed via a geometric interpretation of the
codes [BKS™10]. This local testability property was crucial in the original proof of the celebrated
PCP Theorem in computational complexity theory [AS92, ALM*98]. Even in the relatively young
field of quantum error correction, the algebraic structure of RM codes has proven useful in demon-

strating that quantum RM codes admit transversal logical gates in increasing levels of the Clifford



hierarchy [BCHK25, RCNP20, HLC21, HLC22a, RCNP20]—a property considered crucial for future
fault-tolerant quantum computational protocols.

This dissertation is motivated by two main questions:

1. Can the structure of RM codes be extended to new codes that share many of their hallmark

properties?

2. Can this structure be exploited when studying quantum versions of these codes?

We are certainly not the first to consider these questions, and many generalizations and variations of
RM codes have been studied, e.g., [Sor91, ACLN21, NK23]. Nevertheless, we show that a remarkably
simple extension— one that has not been previously explored— gives rise to a broad class of struc-
turally similar codes. Regarding the second question, while quantum RM codes are already known
for their role in fault-tolerant quantum computation, this dissertation substantially extends known re-
sults on their logic and demonstrates that analogous properties hold for the new quantum codes we
construct.

A key insight of this work is that many properties of the RM family can be understood in purely
geometric and group-theoretic terms via the Boolean hypercube. In particular, faces of the hypercube
can be used to construct the RM codes. Coxeter groups [ABOS8, BB0O5], which are generated by re-
flections and which generalize the symmetric group and Z7", possess a natural combinatorial geometry
closely mirroring that of the hypercube. By replacing faces of the hypercube with standard cosets of
a Coxeter group, we obtain a direct analog of RM codes in a vastly more general setting. The main

technical contributions of this dissertation are as follows:

1. We show that the (binary) order-r Reed—Muller code of length 2™, RM (r, m), typically defined
using m-variate polynomials of degree at most r, can be expressed in terms of indicator functions
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of dimension-(m — r) faces of the Boolean hypercube. This geometric reformulation yields a

new perspective on their duality, inclusion, and multiplication properties.

. By replacing the group ZJ'—the domain of the functions used to define RM codes—by an
arbitrary rank-m finite Coxeter group W, we construct a new family of binary linear codes. We

prove that these Coxeter codes, C(r, m), parameterized by a natural number r € N, satisfy:

(Nesting) If ¢ < r then C'(¢g,m) C C(r,m).
(Duality) C(r,m)* = C(m —r — 1,m).

(Multiplication) C(ry,m) ® C(ra,m) C C(ry + r9,m), where ® denotes the entrywise

(Schur) product of bit strings.

(Group codes) C'(r,m) is a left ideal in the group algebra Fy V.

We construct an explicit basis for C'(r, m), which yields a basis for the coset C'(r,m)/C(q, m)
for any ¢ < r; we compute the dimension of C'(r,m) in terms of so-called “I¥/-Eulerian num-
bers”; and we study the rate and distance of these codes. The majority of this work was presented
in [CB25], which was presented at the 2025 IEEE International Symposium on Information The-
ory and will appear in an upcoming issue of Designs, Codes and Cryptography, contingent on

minor revision.

. Using the CSS construction of quantum codes, we employ pairs of Coxeter codes C'(q,m) C
C(r,m) to define quantum Coxeter codes, whose spaces of X- and Z-stabilizers and logical

operators are all governed by classical Coxeter codes. We derive explicit parameters for all such

codes [CB25].



4. We define a natural class of transversal operators for the family of quantum Coxeter codes, which
we call coset operators, as they act on qubits indexed by standard cosets of the given Coxeter
group. We give necessary and sufficient conditions for when such operators either (1) implement
nontrivial logical operations, (2) act as the logical identity, or (3) fail to preserve the code space
of a quantum Coxeter code. These operators can perform logic in increasing levels of the Clifford

hierarchy. These results generalize and unify the work completed in [BCHK25, CB25].

5. In the special case of quantum RM codes, these coset operators act on faces of the Boolean
hypercube, with the conditions for logical action depending only on the dimension of the face
being acted upon. For quantum RM codes, we prove a full combinatorial description of the
logical circuits implemented by these operations. In particular, such subcube (or face) operators
implement circuits of multi-controlled-Z gates whose control structure can be computed directly
from the combinatorial description of the face on which they act. Unlike prior works, which
studied only global transversal operators, we demonstrate that quantum RM codes admit a large
set of logical operators that act on strict subsets of both the logical and physical qubits of the
code. This result forms the bulk of the work [BCHK25], which will appear in an upcoming issue

of the IEEE Transactions on Information Theory.

The framework of Coxeter codes provides a new lens for constructing and studying error-
correcting codes via the geometry of reflection groups. It connects ideas from algebraic coding theory,
combinatorial group theory, and quantum information, and suggests natural directions for further gen-
eralization. These constructions may also lead to new approaches for implementing fault-tolerant

quantum logic that exploit group-theoretic symmetries.



Other works This dissertation expands and combines two works by the author [BCHK25, CB25].
Earlier works for which the author was a main contributor include: a classical algorithm for simulating
certain restricted quantum circuits [CC22], appearing in the proceedings of the 2021 IEEE Symposium
on Foundations of Computer Science; constructions of local Hamiltonians whose low-energy spaces
contains no stabilizer states [CCNN23], appearing in the proceedings of the 2023 Theory of Quantum
Computation, Communication and Cryptography conference; and a preprint proving that the local
Hamiltonians of the previous work satisfy the much stronger property that their low-energy states

require a linear number of 7" gates [CCNN24].

1.1 Reed—Muller Codes

The standard definition of (binary) RM codes is as the set of truth tables, or evaluation vectors, of

multi-variate polynomials of a maximum degree:

Definition 1.1.1 (Standard definition of RM codes). Let » < m be non-negative integers. The order-r
Reed—Muller code of length 2™ is defined as evaluations of all Boolean polynomials in m variables

with degree at most r:

RM(r,m) = {eval(f) cF3" | fzr,...,0m) = Z ckTr, cx € {0,1} },
KC{1,...m}
|K|<r

where monomials are denoted by zx = [],., v; for K C {1,...,m}, and eval(f) € F3" is the

vector with entries given by (f(vi, ..., Um))vezy.’

It should be evident that one basis for RM codes comes from the monomial functions z x where

'By convention, 2y = 1.



K C [m] = {1,...,m} and |K| < r. RM codes are also generated by another, less obvious,
collection of functions which we refer to as signed monomials. A degree-r signed monomial is a
product [ [, ; w;, where |J| = r, eachw; € {;,7;} and ¥ := 1—x denotes the negation of the variable.
Clearly any degree-r signed monomial is a polynomial with degree at most r, and it is relatively
straightforward to inductively show that any polynomial with degree at most r can be written as a
sum of signed monomials with degree exactly equal to r. Viewing the domain of m-variate Boolean
functions as the m-dimensional (Boolean) hypercube shows that signed monomial functions carry a
certain geometric structure, which we now detail.

Consider the the group Z7' generated by the set of bit strings of Hamming weight one (the
standard basis), denoted below by S = {e;}." |, where e; = (ej1,...,€j,,) withe;; = 0;; forall j €
[m].? The m-dimensional hypercube is a graph with vertices indexed by elements of Z3', and where
two vertices are connected by an edge whenever they differ in precisely one coordinate, i.e., when they
differ by an element of S. The m-dimensional hypercube is composed of many sub-hypercubes, or

simply subcubes, with dimensions < m:
Definition 1.1.2. (Subcubes of the hypercube)

* A standard subcube of the m-dimensional hypercube is a subgroup of the form (J), where
J C S is a subset of generators. That is, bit strings in (J) are precisely those whose support lies

entirely within the set .J, viewed as a subset of [m)].

* A subcube is any coset of a standard subcube, i.e., subsets of Z3* of the form A := z + (J) for

some z € Z7'. The set J is called the type of A° and the cardinality |.J| is called its dimension.

2We will frequently abuse notation by referring to the sets S and [m] interchangeably. For example, if we write “take
i € S”, this should be interpreted to mean “take e; € S and ¢ € [m]”.

*Note that the bits appearing outside of .J form an invariant of a subcube A of type J: given two bit strings y, z €
x+ (J),y; = z foreveryi € S\ J.



We write A C Z3' to indicate that the subset A is a subcube, and by an i-cube we mean any
A C Z3 with dim A = 4.

It is straightforward to verify that the signed monomial Zx := [, ; is precisely the indicator
function of the standard subcube (S \ K), and the standard monomial xx is the indicator function of
the subcube 1™ + (S \ K'), where 1™ is the all ones bit string. More generally, there is an equivalence

between indicator functions of (m — r)-cubes and degree-r signed monomials,

Loy H w;, Wwhere w; = ,
1€S\J =

where for a subset U C Z3', 1;;(z) = 1 if z € U and equals 0 otherwise.
In light of the discussion following Definition 1.1.1, we have the following alternate form of RM

codes:

Definition 1.1.3 (Alternate definition of RM codes). Let » < m be non-negative integers. The order-r
Reed—Muller code of length 2™ is defined as the [Fs-linear span of evaluations of indicator functions

corresponding to (m — r)-cubes:
RM (r,m) := Spang, { eval(l,) € F2" | ACZD, dim A =m — r}. (1.1)

Equivalently, RM (r, m) is the Fy-linear span of evaluations of degree-(m — r) signed monomials.

We note that Theorem 13.12 in [MS77] states that the set of indicators of (m — r)-dimensional
flats in the affine geometry AG(m, 2) generates the code RM (r, m); Definition 1.1.3 states that (m —

r)-cubes— a strict subset of (m — r)-flats— are sufficient to generate all of RM (r,m).



A simple change to Eq. (1.1) will yield a new family of classical codes, which ultimately share

many basic properties with RM codes.

1.2 A New Extension

Many of the basic structural properties of RM codes—containment, duality, multiplication—typically
viewed as deriving from the polynomial definition, likewise arise from the alternative definition of RM
codes in terms of subcubes given in Definition 1.1.3. For example, (m — r)- and (r + 1)-dimensional
subcubes of an m-dimensional hypercube necessarily intersect on an even number of elements, sug-
gestive of the duality RM (r,m)* = RM(m — r — 1,m). This combinatorial structure is shared by
every member of a large family of well-studied groups known as Coxeter groups.

Like Z7', a Coxeter group W is generated by a special set of “reflections”, S = {s;}.", where
each s; is an involution. The formal definition of a Coxeter group is given in Definition 2.6.1, but for
now it will suffice to consider a (finite) group I generated by such an S. Generalizing subcubes of
73, a standard coset* is any coset w(J) of a subgroup generated by elements of the special generating
set, J C S. The rank of a standard coset is the number of elements generating it, rank(w(.J)) = |J|.

Consider now the group algebra FoW = {f: W — F,} of binary-valued functions on W, and
let 1;; € FoWW denote the indicator function of a subset U C W. By replacing the group Z3' by an

arbitrary Coxeter group W, we obtain our main definition:

Definition 1.2.1 (Coxeter codes). Let » < m be non-negative integers. The order-r Coxeter code

of type (W, S), denoted by Cy(r), is the length-|WW/| defined as the Fs-linear span of evaluations of

4The usage of the word “standard” here is not related to its usage in “standard subcubes”; this is to reflect standard
terminology in the theory of Coxeter groups.



indicator functions corresponding to standard cosets of rank equal to (m — r):
Cw (r) == Spang, {eval(1w<J>) ‘ weW,JC S, |J|=m-— r}.

Remark 1.2.2.

* The code Cyy () depends on the particular choice of S; we suppress this dependence in the notation

for simplicity.

 For Z7 with its standard generating set, the order-r Coxeter code of type (Z3', S,,) is the code

RM (r,m) from Definition 1.1.3.

* The definition allows for the case » = —1, yielding the trivial code. For every Coxeter group:
Cw(—1) = {0"I} is a trivial code (given by an empty generating set), Cy(0) is a repetition code,

Cw(m — 1) is a single parity-check code, and Cy(m) = FoW is the entire vector space. <

Several well-known structural results about the RM family extend to any Coxeter code. First,

Coxeter codes are a nested family of codes:

Theorem 1.2.3. For integers ¢ < r < m, the order-q Coxeter code of type (W, S) is strictly contained

in the order-r code:

Cw(q) < Cw(r).
Like RM codes, Coxeter codes are also closed under duality:

Theorem 1.2.4. The dual of the order-r Coxeter code of type (W,S) is the corresponding order-
(m — r — 1) Coxeter code:
Cw(r): = Cy(m —r —1).

9



Figure 1.1: A useful way to visualize a Coxeter system (W, S) is a Cayley graph, (V, E), where V.= W
and (w,w’) € E iff there is a generator s € S such that w’ = ws. The figure shows the Cayley graph of the
4-letter symmetric group, As, with generators given by adjacent transpositions. The shaded vertex represents
the identity element. The polytope obtained by embedding this graph in R? is called a permutohedron.

For two vectors =,y € 3, their coordinate-wise (Schur) product is a vector x © y = (x;y;,1 =
,...,n), and this definition extends to a product of subsets. RM codes satisfy a multiplication prop-
erty: for any rq, 19,

RM (ri,m) ® RM(ry,m) € RM (r; + ro,m)

with RM (r*,m) = F3" for all 7* > m. This follows since the product of two polynomials of degree
r1 and 79 has degree at most 7; 4 5. This multiplication property is a general feature of all Coxeter

codes:

Theorem 1.2.5. For r1,ry € {—1,...,m}, the Coxeter codes of type (W,S) and orders r, and ry
satisfy

Cw(r1) ® Cw(re) C Cw(ry +rq),

where by convention Cyy (1*) == FoW for all r* > m.

10



Lastly, Coxeter codes are (left) ideals in the group algebra, or group codes in the sense of Berman

[Ber67].> Recall that multiplication in F, W is given by the convolution of functions, denoted by f * g.

Theorem 1.2.6. For every [ € FoW, fx Cy (1) C Cy (7).

While Theorems 1.2.3, 1.2.5 and 1.2.6 can be proved using standard tools from group theory
and the definition of Coxeter codes, the route we take here is to construct an explicit basis for every

Coxeter code from which these results all follow:

Theorem 1.2.7 (Informal version of Theorems 3.1.6 and 3.2.1). Let W be an arbitrary Coxeter group
generated by the m-element set S. There are (explicitly defined) collections of vectors {B;},,, B; C

FIW for which | J B; is a basis for the order-r Coxeter code of type (W, S). The size of each

>m—r

B; corresponds to a well-known combinatorial quantity known as the i-th W-Eulerian number, |B;| =

<W>, so that dim Cyy (1) = >0, <VZV> is explicitly computable for every r, W.

For simplicity, we will delay the definitions of this basis and the 1¥/-Eulerian numbers until after

we have formally defined Coxeter groups. See Sections 2.6 and 3.1.

1.3 Quantum Codes with Transversal Logic

Designing fault-tolerant quantum logic is central to constructing scalable and reliable quantum com-
puters. While early work has shown that storing quantum information is feasible at reasonably low
resource costs [ABO97, KLLZ98, Kit97], efficiently performing universal fault-tolerant logic remains

a challenge. The need for such techniques is exacerbated by recent experimental progress on stor-

Note a recent paper that extends RM codes [NK23] titled Berman codes, which is not related to our construction.
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ing information [BEG"24, AABA*24, DSRABR"24] and performing rudimentary logic [BEG™'24,
RABB*24, RAC*24].

The leading methods for scalable fault tolerance utilize quantum error-correcting codes. Similar
to their classic counterparts, the premise of quantum error-correcting codes is to embed some small
number x € N of logical qubits into the space of n > k physical qubits. This is, in theory, done is a
way that the logical space is protected from minor errors on the physical space. To be more precise,
recall that the space of n qubits is given by the n-fold tensor product of C2. A quantum error-correcting
code of dimension K and length n is a subspace C C (C?)®" with dimC = K. For most codes of
interest, K = 2" is a power of 2 for some x € N, and we say that C encodes ~ logical qubits into n
physical qubits.

A variety of code-theoretic approaches to fault-tolerance have been proposed [BKS21], such
as code switching and deformation [PR13, ADP14], and magic state distillation and injection [BKOS5,
BH12, CH17b, YHH*23]. Most relevant to our work is the concept of transversal logical gates, tensor
products of single-qubit operators which preserve the code space, i.e., U = @, U;, U; € U(2), for
which UC C C. Such operators allow us to manipulate the logical state of a quantum code in a way that
minimizes the spread of single-qubit noise affecting physical qubits, and are also useful toward other
methods of fault tolerance such as magic state distillation. Studying any of these methods ultimately
requires an intimate understanding of quantum codes and their logical operators. For example, the
geometric or algebraic structure of specific families of codes is often exploited when constructing
transversal logic for the codes [ZCC11, BK13, PY15, JOKY18, YTCI16]. Contributing to this line
of work, we construct a new family of quantum codes from a pair of classical Coxeter codes and,
by leveraging the combinatorial structure of Coxeter groups, we derive a large class of transversal
operators that can act non-trivially on these quantum Coxeter codes.
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As before, consider a finite Coxeter group W generated by a set of m involutions S. Index a

set of || qubits by the elements of 1. We define a quantum Coxeter code by constructing mutually
. . . 01 1 0

commuting sets of |1¥/|-qubit Pauli X and Z type operators, where X = 1 ol and Z = 0 —1l

Definition 1.3.1 (Quantum Coxeter codes). Let 0 < ¢ < r < m be non-negative integers. The order-

(q,7) quantum Coxeter code of type (W, S), denoted by QCyy(g,7), is defined as the common +1

eigenspace of a Pauli stabilizer group (Sx, Sz), with stabilizer generators given by

Sx = {Xuw | weW,JC ST =m-q}, (1.2)

Sz:={Zuy |wew s S Il =r+1}. (1.3)
That is, QCy (g, r) is given by
QCu (g, 7) = {|¢> e ()W | Pl = |¢) forall P € Sx U sz} .

Showing that elements of Sx and Sz always commute amounts to showing that the intersection
of any rank-(m — ¢) and rank-(r + 1) standard coset always contains an even number of elements, a
fact which easily holds for any Coxeter group. Of course, the above definition combined with the fact
X? = Z? = T implies that the X and Z stabilizer spaces of QCyy (g, ) are isomorphic to the codes
Cw(q) and Cy(m — r — 1), respectively. In this way, one also sees via Theorems 1.2.3 and 1.2.4
that the elements of Sy and Sz must commute: the dual space of Cy (m — r — 1) (corresponding to
Pauli X operators that commute with all of S7) contains every X stabilizer since Cy (m — r — 1)L =
Cw(r) 2 Cwl(a).

One result of our work on classical Coxeter codes is an explicit formula for the parameters of a
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quantum Coxeter code.

r

Theorem (Theorem 4.1.1). The quantum Coxeter code QCyy(q,7) encodes ) ;_, .,

<v1/> logical qubits

into |W | physical qubits, and has minimum distance equal to 2™™@+1m=r),

While we haven’t explicitly defined the minimum distance of a code, it essentially corresponds to
the smallest number of non-identity Pauli operators needed to take one |¢)) € QCy(q, ) to a different
|€) € QCw (g, ), and is thus a measure of the error-resilience of a code.

In the same way that transversal operators on standard cosets of particular ranks generate the
Pauli stabilizers for QCyy (g, r), operators on standard cosets of other ranks generate the groups of
logical X and Z operators for QCyy (¢, r). Building upon this idea, we will construct transversal logical

operators formed of diagonal Z rotations acting on standard cosets. We consider the single-qubit gates

Z(k) = |0)0] + €"3F [1X1], k>0,

where Z(0) = Z, Z(1) = S, Z(2) = T, etc. These gates also correspond with increasing levels of the
Clifford hierarchy.

In Section 4.2, we will construct certain transversal operators Z (k)4 which act as either Z(k) or
Z (k)T on the qubits in a standard coset A, and as identity elsewhere. Our main result on the transversal
logic of quantum Coxeter codes clarifies necessary and sufficient conditions for when these 7 (k)a
operators implement logic on QCy (¢, 7). We delay the explicit definition of Z (k) 4 until after we have

given preliminaries on Coxeter groups. We ultimately prove the following:

Theorem (Informal version of Theorem 4.2.3). Let 0 < q < r < m be non-negative integers and

consider the quantum Coxeter code QCyy(q, ). Suppose A is a standard coset of W.
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1. If the rank of A is > (k + 1)r + 1, then the operator E(k)A implements a logical identity on the

code space, i.e., for every |)) € QCy(q,r), Z(k’)A [) = |W).

2. Ifthe rank of A is > q+ kr + 1 and < (k + 1)r, then the operator Z (k) 4 implements a non-trivial
logical operation on the code space, i.e., Z(k)aQCw (q,7) = QCyw (g, 1), but there is some ) €
QCyy (g, 7) for which Z (k)4 |¢) # |¢).

3. If the rank of A is < q + kr, then the operator A (k) 4 does not preserve the code space, i.e., there

is some |1p) € QCy (g, ) for which Z(k) 4 1) & QCy (g, 7).

While this result implies the existence of certain logical operators, a priori it says little about
what logic they actually implement on the code space. In the next section we return to Reed—Muller
codes, where W = Z1', and will demonstrate a relatively simple combinatorial characterization of the

implemented logical circuits in this case.

1.4 Logic in Quantum RM Codes

Quantum RM codes have been a popular candidate for implementing universal quantum computation
ever since their introduction a quarter century ago in the work of Steane [Ste99]. The standard defini-
tion of quantum RM codes uses the Calderbank-Shor-Steane (CSS) construction to design a family of
qubit codes with the embedded structure of two classical RM codes, RM (¢, m) C RM (r,m) with the
property that ¢ < r < m. For our purposes, we will simply define the quantum RM family directly as
an example of a quantum Coxeter code.

Consider the m-dimensional Boolean hypercube with vertices indexed by elements of Z5', which
represents a set of 2™ physical qubits. Quantum RM codes are defined by three parameters: m, the
dimension of the hypercube of physical qubits, ¢, the codimension of the X stabilizers, and r, where
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r + 1 is the dimension of the Z stabilizers:

Definition 1.4.1 (Quantum RM codes). Let 0 < ¢ < r < m be non-negative integers. The quantum
Reed—Muller code of order (¢, r) and length 2™, denoted by QRM,,(q,7), is defined as the common

+1 eigenspace of a Pauli stabilizer group S := (Sx, Sz), with stabilizer generators given by

Sx = {XA ‘ Aisan (m — q)—cube} , (1.4)

Sy = {ZA ‘ Aidsan (r+ 1)—Cube} : (1.5)

These codes encode kK = >, g1 (T) logical qubits into n = 2™ physical qubits and have

distance d = 2™(@+1m=7) Readers familiar with hypercube codes will recognize them as a particular

case of this code family given by QRM,,(0,1). Stabilizer generators for () RM,(0,2) are shown in
Fig. 1.2.

Quantum RM codes have many variations, e.g., qudit codes [SKOS5], entanglement-assisted

X(1,2,3,4) Z1,3,4) Zeyt(1,3,4)

Figure 1.2: Stabilizer generators for the code Q RM,(0,2). By definition, every (r + 1) = 3 cube defines
a Z stabilizer and the unique (m — g) = 4-cube (i.e., the entire hypercube) defines the only X stabilizer. (a)
Orientation of the 4-cube. (b) Global X is the only X stabilizer, by definition, represented here by the (blue)
solid cube. (c) The (red) dashed cubes indicate the 8 subcubes in the 4-dimensional hypercube that define
the Z stabilizer generators of the code.
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RM codes [NJBG24], pin codes [VB22]. Interestingly, quantum RM codes and their descendants
can fault-tolerantly realize non-Clifford logic: for example, morphed/punctured codes can realize
T gates transversally [BMDO07, Terl5, KB15, VK22a]. Much attention has been devoted to metic-
ulously puncturing codes to achieve specific logical operators, for instance, for 7" state distillation
[CAB12, BH12, CH17a, CH17b, HH18].

Despite the proliferation of quantum RM codes and their descendants, a precise characterization
of the code’s logical operators remains elusive. Recent works [HH18, VB22, SPW24] have studied
varying aspects of quantum RM codes and their generalizations, with [HLC21, HLC22a, RCNP20]
representing the closest to our work on characterizing their transversal logic. For instance, [HLC21,
HLC22a] established necessary and sufficient conditions for when the application of Z(k) to every
physical qubit of a quantum RM code will perform logic.

Our Theorem 4.2.3 is phrased in terms of (hitherto undefined) Z (k)4 operators, but in the case
of quantum RM codes the result exactly holds for subcube operators — operators acting as Z(k) on

the qubits within a subcube A and identity otherwise. For instance, the following is true:

Proposition (Simplified version of Proposition 5.1.2). If A is an (-cube satisfying q + kr +1 < { <
(k+ 1)r, then the subcube operator Z (k) 4 is a non-trivial logical operator for the code QRM,,,(q, ).

If ¢ > (k+ 1)r + 1 then Z(k) 4 acts as logical identity on the code.

Proposition 5.1.2 implies and broadly generalizes the mentioned results of [HLC21, HLC22a]
by establishing the existence of transversal operators on quantum RM codes that may act non-trivially
on strict subsets of both physical and logical qubits. While the authors of [HLC21, HLC22a] determine
conditions for when the global Z(k) operation performs logic on Q RM,,(q,r), they do not give de-

scriptions of the implemented logical circuits. An earlier work that addresses this question [RCNP20]
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does detail the logic performed by global Z (k) in the particular case of QRM,,(r — 1,7) codes, i.e.,
when ¢ = r — 1. Extending these results, we give a complete description of the logical circuit imple-
mented by the transversal Z (k) operation applied to any subcube, and for an arbitrary Q RM,,,(q, ).
We will go into the details of the implemented logical circuits later; for now we give some intuition
for their structure.

As the Z(k) operators are diagonal operators in the Clifford Hierarchy, they should likewise
implement diagonal logical operators in the Clifford Hierarchy. Diagonal operators in the Clifford
Hierarchy are fully classified as circuits composed of multi-qubit controlled versions of Z (k) operators
[CGKI17]. Proposition 5.1.2 is enough, already, to infer the particular type of circuit implemented
by transversal Z(k) applied to a subcube. First, note that the square of Z(k) is precisely Z(k)? =
Z(k —1). Now, suppose that Z (k) operators are applied to a subcube whose dimension is at least
q + kr + 1. Then Theorem 4.2.3 implies this operation preserves QRM,,(q,r). In fact, it implies
something much stronger: since ¢ + kr + 1 > (kK — 1 + 1)r + 1, it must be that Z(k — 1)—the
square of Z(k)—applied to the same subcube acts as logical identity on QRM,,(q,r). In other words,
Theorem 4.2.3 implies that such subcube operators are necessarily logically Hermitian.

Now, the classification from [CGK17] implies that the only diagonal and Hermitian operators
in the Clifford Hierarchy are circuits composed of multi-qubit controlled-Z operators. The (-qubit
controlled-Z gate is a diagonal gate acting on ¢ qubits that applies a —1 phase to the all ones compu-
tational basis state, and leaves all other computational basis states fixed. Our main result for quantum
RM codes is to determine precisely what logical multi-controlled-Z circuit is implemented by a sub-

cube operator:

Theorem (Informal version of Theorem 5.3.3). Consider the quantum RM code QRM,,(q,r) and
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suppose A is a subcube of the m-dimensional hypercube. If Z(k)a is a non-trivially operator for
QRM,,(q, r) then it implements an explicitly determined circuit composed of multi-controlled-Z gates

each acting on at most k qubits.

Theorem 5.3.3 is proven by relating the Z (k) 4 subcube operators to the aforementioned Z (k) 4
operators; the bulk of Chapter 5 is spent characterizing the logic of these so-called signed subcube

operators.
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Chapter 2: Preliminaries

2.1 Notation and Conventions

The following will be used throughout: Positive integers are denoted by N; non-negative integers will
always be denoted by Z(. For n € N, [n] denotes the set [n] := {1,...,n}. By convention,  J, = 0
and [, = 1. A script &(-) refers to the power set of the input. Both the cardinality of a set and the
Hamming weight of a bit string are denoted by |-|; the usage should be clear from context. The i-th
entry of a bit string z € {0, 1}" will be denoted z;; in the case where n = 2™ for some m € NN we
will index the entries via elements of the group Z5".

For a group G and a subset S C G, (S) < G denotes the subgroup of G generated by elements
of S. For a field F and n € N, F" denotes the n-dimensional vector space over F. For a group G or a
set S, G" and S™ denote the n-fold Cartesian product of G and S, respectively. For the remainder of
the document we reserve the letter [F for the binary field, I := . The additive group of F, i.e., the
cyclic group of order two, is denoted by Z,; the underlying set of bit strings (with no particular group
structure) is denoted by {0, 1}.

The n-qubit unitary group is denoted U(2™). For a subset of n total qubits ) C [n] and any
single-qubit operator, U, the operator U 4 denotes the n-qubit gate acting as U on the qubits indexed by

@, and identity elsewhere, Uy = ) icq Ui X icqe 1i- A bar over an operator indicates a logical gate
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performed on a given quantum code; for instance, I is the logical identity operator.

2.2 Classical Codes

We now present requisite preliminaries on classical codes. For comprehensive references on coding
theory, see [MS77, RGS23]. Consider the n-dimensional binary vector space " under addition mod-

ulo 2, denoted simply by +.

Definition 2.2.1 (Binary linear code). A (binary linear) code, denoted C' C ™, is a linear subspace of
™. The length of C'is the value of n. The dimension of a code is denoted by dim C'. The elements of

C are referred to as codewords.

Definition 2.2.2 (Distance). The minimum distance, or simply the distance, of a (binary) code C' C F"

is the shortest distance between two codewords, dist C' := min. ve¢ |c + /|-

Given that a code is closed under addition, the minimum distance is equivalently defined as the

minimum Hamming weight of any codeword.
Fact 2.2.3. For a code C' C [F", it holds that dist C' = min.cc ||

A (linear) code with length n, dimension k, and minimum distance d is denoted by [n, k, d.

For two vectors ¢, ¢ € F", let ¢ - ¢ denote their dot product.

Definition 2.2.4 (Dual code). Let C' C F™ be a code. The dual code of C, denoted C, is the set of

vectors in " that are orthogonal to every codeword of "

Ct={d€eF?|c-=0forallce C}.
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The dual code is clearly a binary linear code, and a simple application of the well-known Rank-
Nullity Theorem in linear algebra shows that the dimensions of a code and its dual sum to the dimen-

sion of the ambient vector space:
Fact 2.2.5. For a code C' C F™, it holds that dim C' + dim C+ = n.

Definition 2.2.6 (Group algebra). Let GG be a (finite) group. The (binary) group algebra, denoted by

F@, is the space of all binary-valued functions on G. That is FG == {f: G — F}.
For two functions f, f' € FG, we have the following:

* The sum of two functions, (f + f')(g) = f(g) + f'(g) for g € G, gives FG the structure of a

binary vector space.

* Consider their convolution f x f/, defined via

(f = f)(9) =D f(h)f'(h"g).

heG

Since * is bilinear in the two arguments, this gives FG the structure of an algebra over the

Boolean field.

We will mostly be interested in the structure of FG as a vector space. For a function f € FG, we
can consider the length-|G/| bit string corresponding to the truth-table, or evaluation of f, eval f € FICI,

whose entries are given by

(eval f), = f(g)

for each g € G. The ordering of the bit string can be take to be arbitrary. This map eval: FG — FI¢!
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yields the vector space isomorphism:

FG = FlGl,

so that one can treat linear subspaces of FG as linear codes of length |G|. We will often conflate these
two. That is, for a subspace C' C FG, the dimension of C' is taken to be dim(eval ') and the distance

of C' is taken to be dist(eval C').

2.3 The Clifford Hierarchy

Definition 2.3.1 (Pauli group). The identity, and Pauli X, Y, and Z operators are the following four
single-qubit gates:

S A A e P

These matrices satisfy the following:
e X2 =Y?2=72=1,;
e XY =iZ,YZ=iX,and ZX =1iY;
e XY =-YX, XZ=—-ZX,andYZ =-ZY.

The single-qubit Pauli group is the group P, = {wl,wX,wY,wZ |w € {+1,+i}}. The
n-qubit Pauli group is the n-fold tensor power of the single-qubit group, P, := (P;)®". Elements
of P,, will typically be referred to as Pauli operators. By abuse of notation I may refer to either the
single-qubit identity operator or the n-qubit identity operator.

Consider a Pauli operator P := whP, ® --- ® P, € P, If every non-identity term of P is the
matrix X then P is called an X type operator, and similarly for Y and Z. The support of P is set of

indices for which P; # I, and the weight of P is the cardinality of its support. From the commutation
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relations of single-qubit Pauli operators, two Pauli operators P, () € P" commute if and only if their

supports have even overlap.

Definition 2.3.2 (Clifford hierarchy). The 0-th level of the n-qubit Clifford hierarchy' is defined to be
the Pauli group, C1© .= P... For k € N, the k-th level of the Clifford hierarchy is defined recursively
as the set

a® — {U cU@2Y) | U@ Ut c cﬂk—l)} .
In other words, elements of level k conjugate Pauli operators to elements of level (k — 1).

We note that aside from Cl(o), the Pauli group, and Cl(l), the well-known Clifford group, C1® is
not a subgroup of the unitary group. It is, however, closed under left and right multiplication by Pauli

operators and arbitrary phases, i.e., C1*) = ¢P, C1® P, for all § € R.

Definition 2.3.3 (Single-qubit rotations). For £ € Z define the single-qubit Z and X basis rotation

gates Z(k) and X (k) via

Z(k) = |0}0] + €' [1)(1],

X (k) = )] + €3 | =)=

Note that the Z(k) operators product several well-known gates, Z = Z(0), S = Z(1), i.e., the phase
gate, and T' = Z(2). Note that Z(k) = I for all £ < 0 and that Z(k)* = Z(k — 1). The same hold for

X (k) operators.

'Our indexing differs from the standard choice where the first level of the Clifford hierarchy is the Pauli group.
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Denoting wy, = eiizl'f, one can easily compute that for all £ > 0,

Z(XZ(E) =we Z(k —1)X.

Lemma 2.3.4. The operators Z (k) and X (k) are in the k-th level of the Clifford hierarchy.

Proof. We only prove the Z basis case as the other is similar. Clearly the result holds for £ = 0;
suppose for induction the result holds for & > 0 and consider Z(k + 1). The conjugation identity
above implies Z(k + 1) = wi11Z(k)X, and since the Clifford hierarchy is closed under arbitrary

phases and Paulis the result holds by induction. [

Definition 2.3.5. For ¢ € N, the multi-controlled-Z gate is defined recursively as the (¢ + 1)-qubit

unitary operator O Z = |0)0| @ I+ |1){1]| ® C*~1 Z, where CV 7 = Z.

C®) Z is symmetric in the £+ 1 qubits; in particular, C**) Z is a diagonal gate that introduces a —1

phase to the all ones computational basis state,

1”1>, and acts as identity on all other computational

basis states.

Definition 2.3.6. Given a subset of n qubits, I C [n], define the I-controlled-Z, C'Z, as the n qubit

unitary that acts as C1/I=))Z on the qubits in I and identity elsewhere, C'Z := CUI=D Z|; @ T |-
Lemma 2.3.7 (Action of C'Z on P,,).

1. Foreveryi€ [n], (C'2)Z;(C'Z) = Z,.

2. Foreveryi € [n]\ I, (C12)X;(C1Z) = X,.

3. Foreveryic I, (C'2)X;(C'Z) = X;,C"\i} 7,
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Proof. 1 and 2 are trivial. For 3, consider without loss of generality (C“)2) X, (C¥) Z). We compute

(CY2)X,(CYZ) = (Jo)0| @ T+ 1)1 @ P 2Z) X, (|0)0] @ T+ 11| © O D7),
= 0)1| @ C“"VZ +[1)0| @ C“ V7,
= X®ctbz

= X:C I Z gy

O

Definition 2.3.8. Given a collection of subsets of n qubits, F C Z([n]), define the F-controlled-Z

operator as the circuit consisting of C! Z operators for each I € F, C7Z =], oF clz.

Note that C7 Z is well-defined as each of the O Z operators commute with each other. Further,
as (C'Z)? =Tforeach I C [n], (C7Z)? =1, as well. In particular, C* ZT = C7 Z.

Let F C Z([n]) be a collection of subsets of qubits. Given a qubit i € [n], the collection
Fi € P([n]) is defined as

Fui = {1\{@} ’ Jef,z'ef}. @.1)

That is, F.; consists of the sets in F that contain ¢, but with 2 removed. Note that for a single subset,

I Cn],{I}_ isequalto ]\ {i}if i € I and empty otherwise.
Lemma 2.3.9 (Action of C7 Z on P,).
1. Foreveryi € [n], (CTZ2)Z,(C72) = Z,.

2. Foreveryi € [n], (CT2)X;(CT2) = X;C*~iZ.
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Proof. 1 is trivial. Let i € [n]. We prove the identity in 2 by induction on |F|. Clearly if 7 = () then
F.; = 0 and the identity is true. Suppose now the identity holds for all G with |G| = m > 0, and

consider F C Z([n|) with |F| = m + 1. Pick an arbitrary [ € F.

(CT )V X(CTZ) = (CTM Z) (T 2) X (CT Z)(CTM 2),

(CTN)X;(CNMR 72 (TN 7)), ifiel
(Lemma 2.3.7) = )

(CTM2)X;(CFM Z), otherwise
(Def. of {I} _, and commuting operators) = (CTM2) X, (CTM Z) (0~ 7)),
(LH.) = X,(CP\~igy otz
= X;(CT~1 7).
O
By induction this also implies the following:
Corollary 2.3.10. For kr = max;cr|I|, CFZ € C1*b#=Y),

2.4 Quantum Codes

Definition 2.4.1 (Quantum code). A guantum code C of dimension K and length n is a K -dimensional
subspace of the space of n qubits, C C (C?)®". If K = 2~ for some x € N then we say that C encodes

r logical qubits into n physical qubits.

Definition 2.4.2 (Codespace projector). For a code C let II denote the orthogonal projection onto C.
That is im [I = C. Given that the eigenvalues of Il are either +1 or O (with the former eigenspace
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equaling C), the dimension of C is given by dim C = Tr[II¢].

Perhaps the most common way to devise quantum codes is through the so-called “stabilizer

formalism”, which we now detail.

Definition 2.4.3 (Stabilizer codes [Got96, CRSS97, CRSS98]). Let S C P,, be a collection of Pauli
operators such that PQ) = QP forall P,Q) € S, and —1 ¢ (S). In this case, the (Abelian) group
generated by S, (S) < P, is called a stabilizer group. The stabilizer code associated with S is defined

as the joint 41 eigenspace of the elements in S, i.e.,
Cs = { |) | P ) = |o) forall P e <5>} - (CQ)@L'

To be accurate, we should denote Cs by C(s) as the definition is independent of a particular generating
set. By further abuse of notation, the codespace projector of Cs may be denoted by Ils := Il;, when
such a generating set S is given. Of course, this Ils is also independent of a generating set for the
group (S). We may abuse terminology by simply referring to (S) as the stabilizer code, though it

should be clear that we are always referring to the subspace Cg

For the following, suppose that S is the generating set for a stabilizer group. By the classification
of finite Abelian groups, there is some subset S C S of independent generators for which (S) = (S).
Let 7 denote the number of generators in such a S, which is also unique by the classification. In

particular, the number of elements of (S) is necessarily 27.
Lemma 2.4.4. The code space projector of a stabilizer code Cs is equal to 11 = 2% > pe (S) P.

Proof. LetIl .= 2% > Pe(s) P denote the operator on the right-hand side.
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(im IT C Cs) Left multiplication by an element of a group is a transitive action on the group, so
clearly PII = II for all P € (S). This proves the inclusion.

(Cs € imII) Take |¢) € Cs. Since every element of (S) fixes |¢), we have II |¢) = |<2$—T>| |) =
Z_ |y = |[¢), so clearly the inclusion holds.

Now, the desired claim will hold once we prove that II is, in fact, an orthogonal projection.

Clearly II = II' since every Pauli operator is self-adjoint. Thus, we show that I1? = II:

w2 2 T

PP’

ZQ )| P,P' € (S),PP'=Q}],
(Left action is transitive) = ﬁ Z Q,

= II.

Corollary 2.4.5. The code Cs encodes n — 1 logical qubits into n physical qubits.
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Proof.

dim Cs = Tr{Ils},

1
(Lemma 2.4.4) ="Tr o Z P,
Pe(S)
1

(Linearity of trace) =~ Z 7
PE(S) Tx[P]

27L

(Tr[Q] = 2" for every Q) € P,) =5

— 271—’7'

O

We now show how the theory of classical error-correcting codes can aid in the construction of
quantum codes through the notion of Calderbank-Shor-Steane Codes, or simply CSS codes.

One way to construct a stabilizer group is to only consider operators of a single type: clearly
any set of Z type operators will be mutually commuting and will not contain — I. We directly connect
such quantum codes to classical binary codes.

Recall that the support of v € F™ is the set supp v = {i € [n] | v; # 0}.

Let C' C F” be a binary [n, k, d] code and for each codeword ¢ € C' define a Z type operator
Zsuppc acting as Z on the qubits in supp c and identity elsewhere. Thus, the group { Zgpp. | ¢ € C'},
which is isomorphic to C, is naturally a stabilizer group that encodes n — k logical qubits into n
physical qubits. Such codes perform poorly as they provide no protection against phase errors. We

will need two classical codes to yield quantum codes protecting against both bit and phase errors.

Definition 2.4.6 (CSS Code). Let C; and C; be binary [n, ki, d;] and [n, ko, ds] codes generated by
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(possibly over-complete) sets B; and B, respectively. Consider two sets of Pauli operators Sx and

Sz defined by

SX = {Xsuppc | cE Bl}, (22)

Sz = {Zsuppc | ¢ € Ba}, (2.3)

where Xpp . 18 defined analogously t0 Zgpp c.
If C; C Cj, then the CSS code corresponding to Cy and Cs is defined as the stabilizer code
CSS(C1,Cy) = Csyus,- The groups (Sx) and (Sz) are called the X and Z stabilizer spaces, and

their elements X and Z type stabilizers, respectively.

Lemma 2.4.7. CSS(Cy, Cy) is a valid stabilizer code that encodes n — ki — ko logical qubits into n

physical qubits.

Proof. For the first claim we must show that any X,ppc, € By and Zgyppe, € B2 commute, which is
equivalent to the statement that ¢; - co = 0. Since C'; C (72L this is trivial.

Since X and Z operators are necessarily independent, the number of independent operators in the
set SxUS7 is equal to the sum of the number of independent operators in Sx and S, respectively. This
is, of course, equal to the sum of the dimensions of the two classical codes, dim C +dim Cy = k1 + ko,

so second claim follows by Lemma 2.4.4. 0

Definition 2.4.8. For P € {X, Z}, undetectable P type error for a CSS code CSS(C1,C5) is any
P type operator which leaves the code space invariant. That is, it is a Py,pp, for v € F” such that
Piuppv CSS(CY, Cy) = CSS(Ch, Cy). The space of all undetectable P errors forms a group under

multiplication.
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Lemma 2.4.9. Let CSS(Cy, Cy) be a CSS code. The space of undetectable X errors is isomorphic to

Cs-, and the space of undetectable 7 errors is isomorphic to Ci.

Proof. We only prove the claim for X type operators as the proof for Z is identical. Let v € F"
be such that Xy, is an X error. We first establish that X,,,, commutes with all Z stabilizers of
CSS(Cy, Cy).

Let |¢) € CSS(Cy,C,) be arbitrary, so that |¢)) = Zgppe |[t0) for all ¢ € Cy. By assump-
tion, Xeuppw [¢V) € CSS(Cy, Cy), and 80 Zgupp e Xsuppw [V) = 1), as well. Together, we have that
XsuppvZsuppe |V) = ZsuppeXsuppw [¢) for all ¢ € Cy and all |¢p) € CSS(Cy,Cy), implying that

X

supp v

A

supp ¢

=7

supp ¢

Xsuppv-
Now, a Pauli X and Z operator only commute is the intersection of their supports has an even

number of elements. This parity corresponds precisely to the value of ¢ - v,to c-v =0 for all ¢ € Cj.

By definition, v € C5-, as required by the claim. [

Definition 2.4.10. Let CSS(C},Cs) be a CSS code. The X and Z distances of CSS(C4,Cy) are

defined as:

dx = min ||, (2.4)
c€C5-\C1

dz = min ||, (2.5)
cEC’f‘\CQ

respectively. The distance of CSS(Cy, Cs) is d := min(dy,dy), and we say that CSS(C4, Cy) is an
[[n, K, d]] code, where n is the number of physical qubits, x := n — k; — ko is the number of logical

qubits, and d is the distance. If the distance is unknown we simply say it is an [[n, k]| code.

The distance of a code essentially captures the error correcting and detecting capabilities of the
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code; as the goal of our results on quantum codes is to construct logical operators we will not discuss

these capabilities in any meaningful way.

2.4.1 A note on conventions

When it comes to constructing and working with CSS codes, there are several equivalent definitions
that nevertheless have conflicting notation. Here, we have taken the convention that the spaces of X
and Z stabilizers are isomorphic to the classical codes C and C5, and so the commutativity condition
is equivalent to the containment C; C C’j. We made this choice to reflect the method by which we
construct quantum Coxeter codes: by defining X and Z stabilizer generators corresponding to the
definition of classical Coxeter codes.

Our choice, however, differs from the more common convention taken in [Got24b]. There,
and in arguably most other sources, a CSS code is defined by taking two classical codes C7], CY, for
which C'; C C}. By setting C; = C’; and C, = (", this becomes equivalent to our definition, as
(C+)+ = C for any binary linear code C. Thus, in [Got24b] the X and Z stabilizers are given by
elements of C'; and C'7, respectively.

This second convention arises when one defines X and Z stabilizers from two parity-check
matrices, H; and H,. That is, one takes two binary matrices H; and H, and defines X stabilizer
generators via the rows of H; and Z stabilizer generators via the rows of Hs. The X and Z stabilizer
spaces are then isomorphic to the codes im(H{) = (ker H,)* and im(HJ) = (ker Hy)*, respectively.
In other words, the fundamental classical codes in the construction are C'| = ker H; and CY) := ker Ho,
representing the spaces of undetectable Z and X errors, respectively. The commutativity condition is

equivalent, in this case, to the equality Ho H = 0 (mod 2).
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Yet a third convention is in use, e.g., [CMLM™24]. A priori, the conditions C; C Cj and
c’ f C (Y both look quite strange; they require specific knowledge of the dual of a code. It would be
equivalent to simply consider two nested codes C; C (5. In our convention, this amounts to setting
C; = Cy and C3 = C3-. In addition to being a simpler condition to look for in practice, this convention
has the benefit of explicitly specifying the X stabilizer and logical spaces as C7 and CY, respectively,
at the cost of not having immediate knowledge of the corresponding Z spaces. In the context of both
quantum RM and quantum Coxeter codes, which naturally satisfy the nesting property, this convention
is perhaps the most natural; we chose to stick with the first convention as it more readily elucidates the

structure of the stabilizer groups.

Stabilizers Logicals
Convention Examples X Z X Z K
C; C Cy  (Used here), [BH13] o C, Cs- Ct n—ky — ko
C't CC,  [Got24b, LTZ15] ' 'y c C, K4 k-n
Cy CC;  [CS96, CMLM™24] ok C*y Cy C* ks — kt

Table 2.1: Conventions for [[n, k]] CSS codes. The classical codes C;, C!, and C} for i € {1,2} have
parameters [n, k;], [n, k7], and [n, k}], respectively.

2.5 Logical Operations

Consider a stabilizer group (S) given by the generating set S, along with the corresponding stabilizer

code Cs C (C?)®", This Pauli stabilizer group can likewise be defined as the group:

sO:={Uea® |Uly) =) vv)ec},
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S© = (8), i.e., as a subset of the O-th level of the Clifford hierarchy that leaves the codespace

invariant. This definition motivates the following extension to higher levels of the Clifford hierarchy:

Definition 2.5.1. The level-£ Clifford stabilizers of C are the operators in the k-th level of the Clifford

hierarchy that leave states in C invariant:
S — {U e CI® | U ) = [b) Y| e c} .

Elements of S*) perform the logical identity operator, I, on C.

Likewise, we can define the so-called undetectable Clifford hierarchy errors in the following

way.

Definition 2.5.2. The level-k undetectable Clifford errors of C are the operators in the k-th level of the

Clifford hierarchy that conjugate Pauli stabilizers of C to logical identity operators in the (k — 1)-st

level of the Clifford hierarchy:
N® = {U e a1V | UsOUt C 5<k-1>} , 2.6)

where by convention we set S = S,

Note that the set of level-0 errors, N'(¥), is the usual space of undetectable Pauli errors, and N (k)
corresponds to the intuitive notion of an undetectable error on a code:
1
0

Lemma 2.5.3. For a stabilizer code C, let 11z = 15| Y ses S denote the code space projector.

Suppose U € C1%™ is a k-th level Clifford operator. The following are equivalent:

1. U is an undetectable Clifford error: U € N'*),
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2. U preserves the code space: for every |1p) € C, U |¢) € C, and

3. U commutes with the codespace projector: Ull.UT = Tl,.

Proof. (2 < 3) This is equivalent to the statement that U and Il preserve each other’s eigenspaces if
and only if they commute with each other.

(1 = 3) Consider UTIcUT = w > seso USUT. By definition of N'®), each USUT acts as
logical identity on C, and so for any [¢)) € C we have that UTI.UT |¢)) = w Y oseso [V) = ).
This implies that UII-UT and II; have the same eigenspaces. Since U is unitary, it preserves the rank
of Il¢, and so UII- U must be equal to the code space projector of C.

(2 = 1)Let S € SO, As U |[h) can be an arbitrary element of the code space and U |¢)) =

US|y) = (USUNU |1p), USUT acts as a logical identity on the code space. O

We note that the above equivalence does not rely on the Clifford hierarchy in any way; the
property of being a logical operation is equivalent to conjugating Pauli stabilizers of C to logical
identity operators of the code space. We restricted our attention to Clifford hierarchy operators simply
because the goal of the present work is to give transversal operators that are in the Clifford hierarchy.

An important class of undetectable Clifford hierarchy operators are those that act non-trivially

on the code space.

Definition 2.5.4. The level-k (non-trivial) Clifford logicals of C are the operators in the k-th level of
the Clifford hierarchy that conjugate Pauli stabilizers of C to logical identity operators in the (k — 1)-st

level of the Clifford hierarchy, but which are not, themselves, level-£ Clifford stabilizers:

£ — NI\ SO
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Definition 2.5.5. Two operators, U and V, are said to be logically equivalent on a stabilizer code C,
denoted U =¢ V or simply U = V, if USU' = V.SVT for every S € N, This implies that, up to a

global phase ¢, U |¢) = €™V |4) for every |¢) € C.

Thus, Clifford stabilizers are the operators that are logically equivalent to identity. We have the

following characterization of Clifford stabilizers.

Fact 2.5.6. Let C be a stabilizer code and suppose that U &€ C1™® is a k-th level Clifford operator.

U € 8™ if and only if UPU' = P for every P € N,

Note that since S® C N®) Fact 2.5.6 is stricter than Lemma 2.5.3. Indeed, one recovers
Lemma 2.5.3 by requiring only P € S%) in the second condition, instead of P € N,

While we have given here a definition of logical operators for a code, perhaps more desirable is a
way to determine precisely what logic a valid logical operator performs. Since operators are uniquely
characterized by how they conjugate Pauli operators, we will utilize the following definition. We will
only state it explicitly for CSS codes, though it can equivalently be defined for stabilizer codes. To

better reflect how we will define a symplectic basis later, let

Definition 2.5.7 (Symplectic basis). Let CSS(C', C5) be an [[n, ]] CSS code with X and Z stabilizer

spaces (Sx) and (Sz), respectively. A symplectic basis for CSS(C', Cs) is any collection of 2 Pauli

operators {X 4., Zp, | A;, B; C [n]},._,., satisfying the following:

1€[K]

i € [x]}) = Cy

» The X 4, operators generate the logical X errors of the code, i.e., (Sx U {X4,
« The Zp, operators generate the logical Z errors of the code, i.e., (S, U {Zp, | j € [r]}) = CF-.

* For i € [k], the sets A; and B; have odd intersection, i.e., X4, Zp, = —Zp, Xa,.
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* Fori # j, the sets A; and B; have even intersection, i.e., X4, Zp, = Zp, X4, if © # j.

In short, this property guarantees that the logical qubits of a code can be controlled independently
of each other. Fact 2.5.6 can thus be equivalently be stated as: U = V if and only if they conjugate
the symplectic basis in the same way. We will not prove it here, but a simple modification to Gaussian

elimination can be used to prove that every CSS code has a symplectic basis.

2.6 Coxeter Groups

Definition 2.6.1. Let S := {s1,...,,,} be a set of m generators. A Coxeter group W is given by a
presentation

W =(S| (si5;)M D) = 1),

where M (i,1) = 1 (i.e., s7 = 1) and M (i,j) = M(j,i) € Z>o U {oo}. By convention, M (i, j) = oo
means that there is no relation between between s; and s;. The pair (W, S) is called a Coxeter system

of rank m and the matrix (M (3, j))i"_, is called the defining matrix of the system.

Clearly, (Z3', S,,) is a Coxeter system with M (i,5) = 2 for all 4,j. A classic example of a

2 where T =

Coxeter system is the symmetric group on m + 1 letters, A,, = (Sym(m + 1),7),
{( i+ 1) | i € [m]} is the set of adjacent transpositions. In this case, M (i,i + j) = 2 forall j > 0
except j = 1 when M (4,7 + 1) = 3. A classic visualization of this system is shown in Fig. 1.1, and
other examples are given later in Figs. 3.2 and 3.3.

A Coxeter system is called irreducible if for any partition of the generators S = S LIS, there are

s € Sy and t € Sy that do not commute, and is called reducible otherwise. This definition provides no

2Not to be confused with the (m + 1)-letter alternating group; in the theory of Coxeter groups, the letter A refers to the
full symmetric group.
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visual interpretation of irreducibility; a more standard definition relies on Coxeter-Dynkin diagrams
[BBOS5], which we do not use in this paper (except in the proof of Corollary 3.2.8). Finite Coxeter
groups have a succinct classification, e.g., [BB0S, App.A.1], and we will assume throughout that W' is
a finite group.

To define Coxeter codes, we need a suitable generalization of a subcube to an arbitrary Coxeter

system, where, as before, (J) denotes the subgroup generated by a subset J C S.

Definition 2.6.2. Fix a Coxeter system, (W, S). A standard subgroup of W is a subgroup (J) < W
where J C S. A standard (left) coset of W is any coset of the form R = o(J) foroc € W, J C S.

The rank of R = o(J) is rank(R) = |J|.

Lemma 2.6.3. A nontrivial finite Coxeter group has even order.

Proof. If s € S # (), then ord (s) = 2, s0 {1, s} is a subgroup of TV, and the result holds by Lagrange’s

theorem. L

Lemma 2.6.4 (BBO5], Prop. 2.4.1). Let (J1) and (J5) be standard subgroups, then

() N (o) = (Jo N ).

Lemma 2.6.5. Let 01(.J1) and o4(J3) be two standard cosets. If |J1|+|Ja| > m then |o1(J1) N oo(J3)]

is even.

Proof. The result is true if the cosets have trivial overlap. Otherwise, there is a 0 € I such that

o () N ol de) = o({J) N (1)) = o(Jy N ).
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As 1] + |J2| > m and |Ji],|J2| < m, the intersection J; N Jo is non-empty and the result holds by

Lemma 2.6.3. L]

Coxeter systems carry a natural length function, {: W — Z>(, where the length of an element
w is the smallest number of elements from S needed to generate w. That is, {(w) = ¢ if there is
a decomposition w = o104 ---0p with g; € S for all i € [¢'], and any decomposition of w using

elements of .S contains at least ¢/ terms. We will make use of two well-known facts:

Lemma 2.6.6 (BBO5], Lem. 1.4.1). Right multiplication by a generator changes the length of an

element, i.e., {(ws) = {(w) + 1 forallw € W and s € S.

Lemma 2.6.7 (ABO8], Prop. 2.20). A standard coset w{.J) has a unique element of minimal length,
i.e., there is a unique wy € w(J) such that {(wy) < {(u) for every u € w(J). This element is

characterized by the property that ((wys) = {(wy) + 1 for every s € J.

Given w € W, these statements suggest a way to construct standard cosets for which w is the
minimal element: take w(.J) where .J is any set of generators that increase the length of w via right
multiplication. The following standard definition is phrased in terms of elements that decrease the

length.

Definition 2.6.8. For w € W, the subset of generators D(w) C S that reduce the length of w after

multiplication on the right is the (right) descent set of w:

D(w) = {s €S| l(ws) < l(w)}.

The value d(w) = |D(w)]| is the (right) descent number of w.

Lemma 2.6.9. For every w € W, w is the unique shortest element of the standard coset w(S \ D(w)).
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Proof. By Lemma 2.6.6, {(ws) = {(w)+1 forevery s € S\ D(w), so the result holds by Lemma 2.6.7.

]

The following combinatorial quantity will be useful in specifying the dimension of a Coxeter

code.

Definition 2.6.10. ([BB05, Sec.7.2],[Pet15]) For i € {0,...,m}, the W-Eulerian number <VI/> is the

count of elements in W with descent number equal to ¢,

?

<W> = [{w e W | dw) =i}

Eulerian numbers satisfy the Dehn—Sommerville equations

(-4

From Definition 2.6.10 we also immediately observe that

i <Vz/> = |W|. (2.8)

=1

Definitions 2.6.8 and 2.6.10 depend on the choice of generating set S, but we suppress this

dependence in the notations for simplicity, as is standard.
Remark 2.6.11. If W = Z1' then <VI/> = (7). If (W,S) = A,, is the symmetric group, then <V:/>
is the classic Eulerian number, i.e., the count of permutations in W with ¢ descents [Pet15, p.6]. See

Section 3.3 for expressions computing W -Eulerian numbers for reducible and irreducible Coxeter

systems. <
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We conclude this section with a remark on reducible systems. Suppose that (W;,.S;) and
(W3, Sy) are finite Coxeter systems of ranks m; and ms, respectively. Their direct product (W, S) =
(W1, S) x (W, T) is a finite Coxeter system of rank m; + my where S := S U T and (st)? = 1 for

every s € Sand t € T. Define the Eulerian polynomial of the system W as

Wi(t) == Em: <M;1>t

=0

and similarly for 5. It is a classic fact [BBOS, p.202] that for the direct product we have
W (t) = Wi (t)Ws(t) (2.9)

and thus,

()= S (0)7) ks

it+j=k

We will use this property to compute the dimension of codes on products of dihedral groups.
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Chapter 3: Coxeter Codes

3.1 Code Structure

In this section, we construct an explicit basis of Coxeter codes, establish their structural properties,

and prove the claims stated in Theorems 1.2.3 to 1.2.6.

Definition 3.1.1. For w € W, the extension of w in FW, denoted &, € FW, is the indicator function

corresponding to the coset w(S \ D(w)), &, = Ly(s\p(w))- The rank of &, is

rank(&,) == m — d(w) = rank(w(S \ D(w))).

Definition 3.1.2. Let 53 denote the set of all extensions. Fori € {0,...,m}, let

B; :={€, € FW | rank(,) =i}

={&, e FW |w e W, d(w) =m —i}.

Note that by the Dehn—Sommerville equations, Eq. (2.7), we have

w
81 =18, = ('} )
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Figure 3.1: This figure shows extensions (blue) and reverse extensions (red) of the elements w; and ws in
As. The identity element is shown as the shaded vertex of the graph.

Forr € {—1,...,m} consider the collection of extensions with rank at least m — r,
Bzm,,« = U Bz
i>m—r

Example 1. For the RM case when W = Z1, this collection is precisely the standard basis of mono-

mials in m variables with degree at most r: if z € ZJ' then &, = [] x;. For instance, take

i€supp(z)

m = 4 and let z = [1001]. Writing vectors as columns, we have

1 1111
0 0011
z = , S\D(z) = {eq,e3}, z+ (S\D(2)) = &= Litieren) = T104,
0 0101
1 1111
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and thus B>,,_, is equivalently written as the set of monomials of x4, ..., x4 of degree r or less. <

We will prove that B>, is always a basis for the order-r Coxeter code of type (I, S). First,
proving that B is linearly independent will rely on the following simple lemma, which says that w ¢
supp(&,) for any u of length at least w. Recall again that we do not make a difference between

functions and their evaluations, so for u,w € W, &,(w) = 1 is equivalent to w € supp(&,).

Lemma 3.1.3. Letw € Wand U C W. If {(w) < l(u) for all uw € U then E,(w) = 0 for every

ue U\ {w}

Proof. Suppose for contradiction that £,(w) = 1 for some u € U, so w € u(S \ D(u)). As w # u,

Lemma 2.6.9 implies that /(w) > ¢(u), contradicting the assumption on U. O
Lemma 3.1.4. The collection B is linearly independent.

Proof. Suppose for contradiction that there is a nonempty subset U C W for which the function
> uev Eu is identically zero. Since W is finite, there must exist a w € U (not necessarily unique)
whose length is minimal among the elements in U, i.e., £/(w) < ¢(u) for all u € U. By Lemma 3.1.3
we have £,(w) = 0 forall u € U \ {w}. This, however, is impossible, as it implies > ., &,(w) =

Ew(w) = 1. O

We now show that the span of B>,,_, satisfies a duality structure. Recall that for two functions

f,g € FW, their dot product is given by f - g = |supp f Nsupp g| (mod 2).

Lemma 3.1.5. Foreachr € {—1,...,m} we have

Span B>, = (Span BZTH)L
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Proof. We first show that Span B>,,—, C (Span BZTH)L, which is equivalent to the statement that
each &£,, € B>,,_, has even overlap with each &,, € B>,;1. The supports of such &,, and &, are
standard cosets with ranks ; > m — r and o > r + 1, respectively. Since r; + 3 > m, Lemma 2.6.5
implies that the cardinality of their intersection is even. Thus &, - £, = 0, as desired.

We now show dim(Span Bs,,_,) = dim((Span Bs,,1)"), which implies that the two spaces

are, in fact, equal. Using Eq. (2.7) and the linear independence of B,,_,, we compute

5

Since the dimensions of a code and its dual code sum to the dimension of the entire vector space, we

dim(Span Bx,—)

I
NE
S
~. %
~_

Il
M-
S

have
dim((Span Bs,41) ")) = [W] — dim(Span Bs,1)
-2(%)
= )
=0
where we have used Egs. (2.7) and (2.8). ]
Theorem 3.1.6. For r € {—1,...,m}, the collection of evaluations of functions in B>, is a basis

for the order-r Coxeter code of type (W, S) and rank m:

Cw (r) = Spaneval(Bs.,—),

or, alternatively,

Cw (r) = Span {eval(&,) | w € W, d(w) < r}. 3.1)
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Proof. Recall that Cyy(r) is the span of (evaluations of) indicator functions of standard cosets with
rank exactly equal to m — r.

(2) Consider an &, € B>,,_, which by definition is the indicator function of w(S \ D(w)).
Let J C S\ D(w) be any subset of |J| = m — r elements of S \ D(w), which must exist since
rank(&,) > m — r. The set of cosets of (J) in (S \ D(w)), denoted by (S \ D(w))/(J), forms a

partition of (S \ D(w)), so their supports are disjoint, and

gw == Z 1wR-

Re(S\D(w))/(J)

This shows that £, is a sum of standard coset indicators of rank m — r, so its evaluation is a vector in
Cw(r).

(©) Let R be a standard coset of rank m—r and let £, € B>, ;. By definition, rank(&,,) > r+1,
and thus rank(R) + rank(&,) > m. With this, Lemma 2.6.5 implies that R satisfies 1 - £, = 0 for

every &, € B,.1. Thus, R € (Span B>, )", which equals Span B>,, . by Lemma 3.1.5. O

Example 2 (Example 1 continued). If W = ZI', then extensions are functions &, : ZJ' — [ given by

€. = [Licsupp - ¥i» and descent numbers are given by d(z) = [z|. Thus, Eq. (3.1) implies that

Czp(r) = Span{eval( H z;) | z € 2T, |2] < 7‘},

1ESUpp 2
proving that Czy () = RM (r,m) and recovering the formula dim RM (r,m) = >7_, (7). <

Proposition 3.1.7. The following hold for all ¢ < r and r1,7s:

(1) (Theorem 1.2.3) Cyy(q) € Cw (),
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(2) (Theorem 1.2.4) Cyy(r)* = Cyr(m —r — 1),

(3) (Theorem 1.2.5) Cy(r1) ® Cw(r2) € Cyy(r1 + 72), and

(4) (Theorem 1.2.6) f * Cy(r) C Cy(r) for any [ € FW.

Proof. (1) This follows from Theorem 3.1.6.

(2) This follows from Lemma 3.1.5 and Theorem 3.1.6.

(3) Let Ry = 01(J1) and Ry = 09(J5) be standard cosets of ranks (m — r1) and (m — rq),
respectively, so that 1, and 1g, are arbitrary generators of Cy(r;) and Cyy(2), respectively. Their

intersection, if non-empty, is a standard coset R; N Ry = o(J; N J5) of rank

|10 Jo| = || + | o] — |7 U Jo
> 2m—(7’1+7’2)—m

=m — (r +1r2).

By definition, 1z, ® 1g, = 1g,ng,, and since Ry N Ry is a standard coset of rank > m — (r; + r3),
we have 1z ng, € Ciw(q) for some g < 71 + ry. The result holds by Theorem 1.2.3.
(4) Suppose that f = 1,, is the indicator function for a single w € W, and that 1, is the

indicator function of an arbitrary rank-(m — r) standard coset. We compute the value of 1,, * 1,y on
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an arbitrary u € W'

(Lo * Lo) () = Y Lu(9) 1o (g 'u)

geW
= 1U<J>(w_1u)
= Liwoy(y (),

where the last line follows since w™'u € o(J) if and only if u € (wo){J). As (wo)(J) is also a
rank-(m — r) standard coset, we have that 1,, * 1,5y € Cy(r). Since any function can be written in

terms of single-point indicators, the full result follows by the linearity of convolution. 0

3.1.1 Reverse extensions

We conclude this section with a remark on extensions, which we have chosen to define as indicators
corresponding to the cosets w(S \ D(w)). Perhaps a more straightforward choice would have been the
cosets corresponding directly to descents, w(D(w)). Indeed, the results of this chapter hold equally

well by using the reverse extension, R, = ly(p(w)), €-£.,

Cw (r) = Span {eval(R,) | w € W, d(w) > m —r}.

In the case of RM codes, this basis corresponds to signed monomials of degree at most 7,

ne

€A

A C[m], |A| Sr}7
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or equivalently, the evaluation vectors of (unsigned) monomials after string reversal. Thus, while
reverse extensions may appear better suited for the context of Coxeter codes, they do not explicitly

generalize the standard basis of RM codes.

3.2 Code Parameters

3.2.1 Dimension and rate
Lemma 3.1.5 and Theorem 3.1.6 immediately imply the following result:

Theorem 3.2.1. The dimension of the order-r Coxeter code of type (W, S) is given by
dim Gy (1) = g <W> (3.2)
=0

The rate of the Reed-Muller code RM (r, m) equals 2= >, ("). By standard asymptotic
arguments, for large m it changes from near zero to near one when r crosses m/2, and is about 1/2
if r = |m/2], with more precise information derived from the standard Gaussian distribution. This
behavior largely extends to many Coxeter codes.

In particular, consider the three infinite series of Coxeter groups in the Coxeter-Dynkin clas-
sification: A, (the symmetric group on m + 1 elements), B,, (the hyperoctahedral group of order
2mml), and D,, (the generalized dihedral group of order 2™~ !m!). The rate x(Cyy(r)) has no closed-
form expression for any of these cases (for that matter, there is no such expression even for RM
codes), but asymptotic normality of Eulerian numbers of types A, B, D has been addressed in many
places in the literature [Ben73], [CTZ09], with [HCD20] being the most comprehensive source. As
implied by these references, for each of the infinite series of groups, the random variable X, with
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P(X,, = k) = (")/|W]| is asymptotically normal with mean % and variance %. Following the proof
of the De Moivre—Laplace theorem for the binomial distribution, we obtain the following statement

about the asymptotics of the code rate.

Theorem 3.2.2 (Code rate). Suppose that (W, S),, is one of the irreducible Coxeter families A,,, B,
or Dy, Let ®(z) = [* e ¥/2dt/\/2r and let m — co.
(i) Let 10y = 5 + pmr/T5- If pm — p € R, then the code rate k(Cy (1)) — ®(p).

(ii) For a fixed k € (0, 1), define the sequence of order values

Assuming that v, > 0, k(Cy (17))) — K.
(iii) Consider a sequence of order values rp,,m = 1,2,.... If |5 — rp| > vm and for all m, (a)

r < m/2, then k(Cy (1)) — 0; (b) 7 > m/2, then k(Cy (1)) — 1.

The rate of any infinite family of Coxeter codes, including the ones constructed from reducible
systems (Section 3.3), exhibits a behavior similar to Theorem 3.2.2. This follows from the product
structure of the WW-polynomials of Coxeter groups, Eq. (2.9), although the corresponding fact involves

convergence to a multivariate Gaussian distribution, as is apparent, for instance, from Eq. (3.3) below.

3.2.2 Distance

Given that Cyy (1) is generated by standard cosets of rank m — r, there is a trivial upper bound on the

code distance given by the smallest such coset. We conjecture that this bound is, in fact, tight:

Conjecture 3.2.3. Let (W, S) be a Coxeter system of rank m. The distance of the code Cy, (1) is given
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dist(C =  mi .
ist(Cw(r) = | i I(])]

This conjecture is true for RM codes and the family of Coxeter codes given by the dihedral
groups, I»(n). We have further verified it by computer for all nontrivial Coxeter codes of length at
most 120 (some of them are listed in Tables 3.2 to 3.4, where the distance values shown in italic rely
on the validity of Conjecture 3.2.3). We can also prove that the conjecture is true whenever r > | %],
see Corollary 3.2.8 below.

To continue the discussion of the distance, we prove the following lower bound for any 7r:

Theorem 3.2.4. Let (W, S) be a Coxeter system of rank m. The distance of any order-r Coxeter code

satisfies dist(Cy (1)) > 2™
This bound is tight for RM codes but not for the codes arising from the symmetric group: the
bound in Conjecture 3.2.3 is strictly larger whenever » > [] in the case of A,,.

Lemma 3.2.5. If r < m, then for every c € Cy, (1) the Hamming weight of c is even.

Proof. Weknowm —r —1 > 0sincer < m — 1, so

(duality)

Cw(r) Cw(m —r—1)*

(nesting)

Cw (0)*

- {0|W|71|W|}¢7

i.e., every ¢ € Cyy () is orthogonal to the all 1’s vector and thus has even weight. 0

Lemma 3.2.6. If wi,wy € W are not equal, then there is a K C S,

K| = m — 1, for which

wy (K) # wy(K).
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Proof. Let Jy, ..., J,, be the distinct (m — 1)-subsets of S. Note that N, (J;) = 1. Since w; # wo,
there is an i € [m] such that wy 'w; ¢ (J;). Put K = J; and observe that w;(K) = wy(K) would

yield a contradiction. O

Lemma 3.2.7. Consider a standard coset w(K). If ¢ € Cy(r) then the punctured code c|.,xy €

Cirey (7)-

Proof. By definition there exist {o;{(J; J;| = m — r, for which ¢ = 1,..7y. The function
y (Ji)

el i€l 03

restricted to w (/') equals the product c1,,xy, and

Ly = Z 15,000 Luwirys

i€l

= Z 10§<J¢OK)7

iel’

where I’ C [ indexes the standard cosets that have nontrivial intersection with w({K’). We lower bound

|Ji 0 K| = |Ji] + | K| = |J; U K],
>m—r+|K|—m,

=|K|—r.

Now note that Cx(r) is spanned by standard cosets of rank |K'| — r. By an argument similar to the

proof of the first part of Theorem 3.1.6, c|.xy = cly(k) is a codeword in C gy (7). O

Proof of Theorem 3.2.4. The result holds for all m > 1 when r = 0: Cy,(0) is a repetition code with
dist(Cy/ (0)) = [W| > 2™. Fix r > 1. We proceed by induction on m. The result is true when m = r,

as Cyy(m) = FW has distance 2° = 1. Supposing that the result holds whenever (W, S) has rank
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k > r, consider a system (W’ S") with rank k£ + 1 and the code Cy (7).

By Lemma 3.2.5, if ¢ € Cy/(r) is a nonzero vector, then |c| > 2. Let wy, wy € supp(c). By
Lemma 3.2.6 there is a subset K C ', |K| = k such that w;(K) # wy(K) (and thus w; (K) N
we(K) = 0). Let ¢; and ¢, denote the restrictions of ¢ to w;(K) and wy(K), respectively. Note the

following:

1. By Lemma 3.2.7 we are guaranteed that ¢;, c; € Cixy (7).

2. Since ¢(w;) = c(wy) = 1, these restrictions are nonzero codewords of C k(7).

3. Since w; (K) # wy(K), their intersection is empty, and we obtain |c| > |c1| + |ca].

Since the rank of ((K'), K) is k, we can use the induction hypothesis for ¢; and ¢,, which are nonzero

codewords of Cx(r), to obtain

lc| > |er] + |eo| > ok=r 4 gk—r — oktl-r

completing the proof. 0
Corollary 3.2.8. Ifr > || then dist(Cyy(r)) = 2™,

Proof. Let Cy(r) be a code of order r constructed from a Coxeter system (I, S). If there is a standard
subgroup (J) of rank m — r, all of whose generators are pairwise commuting, this yields a codeword
of weight 27", matching the lower bound from Theorem 3.2.4. By assumption, m —r < [%W , SO our
claim will follow if we show that any Coxeter system contains at least [ | commuting generators.
First, suppose that (W, S) is irreducible. As mentioned above, irreducible systems are com-

pletely classified in terms of their Coxeter-Dynkin diagrams [BB0S5]. Any such diagram is connected
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and, by inspection, has no cycles. In other words, it is a bipartite graph, which therefore contains a
part of size > [%]. This subset of vertices forms an independent set, giving the desired collection of
commuting generators.

Now suppose that (W, .S) = [[,(W;, S;), where each factor is irreducible, and let m; := |S;| for
all 7, so that |S| = >, m;. Generators from different sets S; commute, and each .S; contains > [ ]

commuting generators by the above. Since

this again proves our claim. [

Supposing that Conjecture 3.2.3 is true, we will compute the distances for the families of codes

corresponding to A,, and I(n)*.

3.2.2.1 Codes of type A,,

For m > 1, A,, is a rank-m Coxeter system with defining matrix

Li=y,

M) =193, |j—i =1,

2, otherwise.

Forr € {1,...,m} let



Note that

[%-‘ (mmodr) + {%J (r —mmodr) =m

and that this relation describes a partition of m into r close-to-equal parts with the largest possible

number of parts of size |™*].

Theorem 3.2.9. Forallr € {0,1,...,m}, the parameters of the codes C,,, (r) are given by

{(m + 1), ;} <AZ’“> T(m+1,r+1)

assuming Conjecture 3.2.3 whenr < | ].

Proof. The length and dimension are immediate from the construction. To find the code distance,
first let » > [%]. In this case, Corollary 3.2.8 implies that dist 4, (r) = 2"7". We will show that

T(m+ 1,74+ 1) = 2™ ". To see this, we consider the following two possibilities:

(@ Ifr > [2]+1,then [25] =2, |2 | =1, and (m + 1) mod(r + 1) =m — .

(b) If r = | ], then

(bl) if m is odd, then [ZEL] = [ | = 2, and their exponents in the expression for T'(m + 1,7+ 1)

are 0 and m — r, respectively;

(b2) if m is even, then [TT*H =2,(m+1)mod(r +1) =m — r, and LTT”Lll = 1, confirming again

the value of 2™,

Altogether, this shows our claim.

Nowletr < || —lorm —r > LmTHJ + 1. In this case, some of the generators of any rank-

(m — r) subgroup necessarily do not commute since the transpositions overlap. Suppose that disjoint
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sets S1, S, . . ., Sp41 form a partition of [m + 1] into 7 4 1 segments, wherein the junction points of the
segments correspond to the r missing generators in the set of m —r generators. Each set S; generates a

permutation group of order |S;|!, and the order of H equals the product of their orders. This product is

. . . . . . . . +1 +1 .
minimized if its terms are equal, or as close as possible to being equal, i.e., S; € {[ ™ = |, TTW } with
as many smaller-size subsets S; as possible. According to the remark before the theorem, the size of H

is exactly T'(m + 1,7+ 1), and Conjecture 3.2.3 implies that this is the value of the code distance. [

Note that in the » > [ | case of this theorem, the subgroup H is generated by commuting
transpositions and therefore forms an (m — r)-dimensional cube in the Cayley graph, giving rise to
a minimum-weight codeword in Cy,, (7). In the Reed-Muller case, since all the generators commute,

the distance of the code is exactly 2™~ for all 7.

Remark 3.2.10. The sequence 7'(1,1),7(2,1),7(2,2),7(3,1),7(3,2), ... appears in OEIS [OEI25]
as entry A335109. According to the OEIS description, the number 7'(m,r) gives the count of per-
mutations 7 : [m] — [m] such that 7(¢) = i(modr) for all ¢ € [m]. It is not clear to us if the two

descriptions are connected.

The code Cy,, (0) of order » = 0 is simply a repetition code. The parameters of the first-order

code can be written explicitly as follows.

Proposition 3.2.11. For m > 1, the parameters of the binary linear code C,, (1) (assuming Conjec-

m

ture 3.2.3) are given by:

(m+1D)L2" —m —1,(m + 1)'/(T%Lj)}

Proof. The dimension dim(Cy4,, (1)) = 1+ (**). The Eulerian number (") can be found using
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Eq. (3.4) below:

A m—1
< 1’”> =Y (m—i)2'=2"" —m -2,

=0
giving the value of the dimension. The sequence of distances dist(C4,, (1)) = T(m + 1, 2) appears as

entry A010551 in OEIS [OEI25], and has explicit formula T'(m, 2) = m! /(Lg J). O
2

3.2.2.2 Codes of type I5(n)".

For n € Z>y and m > 1, Ir(n)* is a Coxeter system of rank m = 2u with |I(n)"| = (2n)* and
defining matrix

L, i=y,

n, j=i+landj=0 (mod 2),

n, i=j+landi=0 (mod 2),

2, otherwise.

Proposition 3.2.12. The binary linear code Ci,,)u(r) has parameters [(2n)", k, d], where the dimen-

sion k is given by

! :
k= E — ——(2n — 2)/ (3.3)
Pyt iyl — i —j)!
i+j<p
2i+j5<r

and the distance d (assuming Conjecture 3.2.3 when r < ) is given by

27T p <7 <2,
d=

2kntTr 0 < r < p.
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Proof. For the dimension, we note that the Eulerian numbers of Ir(n) are (/) = 1,2n — 2,1 for
i = 0,1,2, so using Eq. (2.9), we obtain W (t) = (¢* + (2n — 2)t + 1)* Computing the dimension of
the code Cy,(,,)x (1) by Eq. (3.2), we obtain the expression in Eq. (3.3).

Turning to the distance, the » > p case holds by Corollary 3.2.8 (note that the rank of this
Coxeter system is 2/1), so we only rely on Conjecture 3.2.3 when » < p. We need to minimize the
size of |(J)| where J C S,|J| = 2u —r > p. It is straightforward to verify that, without loss of
generality, such a collection necessarily contains the even index generators, Joven = {2i}:_; C J. For
each additional generator s,;_; added to Jeyen, We replace a factor of 2 in |(.J)| with a factor of 2n, the

order of the subgroup (s9;_1, S2;)- O

Corollary 3.2.13. For fixed r,n and . — oo, the distance of Cr,nyu(r) is (2n)*n", i.e., it forms a

constant proportion of the code length.

Codes Cj,(,yu(r) are perhaps the closest to RM codes in the Coxeter family: for instance,
Cry(2)n(r) is simply RM (r,2p), so it is of interest to further study such codes for small n. In Sec-

tion 3.4.2 we give a table of parameters of the codes Cj,(,,)u(r) for n = 3,4 and several values of

L.

3.3 Computing W -Eulerian Numbers

To find the code dimension via Eq. (3.2), it is useful to have explicit expressions for the 11/-Eulerian
numbers. For the irreducible families of Coxeter groups, they appear in many references, e.g., [Pet15,
Hyal6, Bre94]. We give these expressions in our notation, along with an expression to compute the

W -Eulerian numbers for direct products of Coxeter groups.
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For every finite Coxeter system (W, S) of rank m, the 0-th and m-th WW-Eulerian numbers equal

Type A. [OEI25, A008292] The A,,-Eulerian numbers can be computed via the recurrence relation

<€m> =(m—i+ 1)<;.4T_”11> + (i + 1)<An;1>. "

Type B. [OEI25, A060187] The B,,-Eulerian numbers can be computed via the recurrence relation

<BZ’”> = (2m — 2i + 1)<f’jf> + (20 + 1)<B”Z”_”1>.

Type D. [OEI25, A066094] The D,,-Eulerian numbers can be computed from the A,,- and B,,-

(=) )

Dihedral group. Since I5(n) has two generators, the only possible descent numbers are 0, 1, and 2,

Eulerian numbers via

so (M) =2n —2.

Exceptional types. See Table 3.1.

r

w 1 2 3 4 5 6 7
Eg 1272 12183 24928 12183 1272 1

Er 17635 309969 1123915 1123915 309969 17635 1
Eg 881752 28336348 169022824 300247750 169022824 28336348 881752
Fy 236 678 236 1

H; 59 59 1

Hy 2636 9126 2636 1

Table 3.1: W-Eulerian numbers for groups of exceptional type [Pet15, p.248].
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3.4 Examples

One particularly useful way to visualize Coxeter groups and codes is via the following:

Definition 3.4.1. The Cayley graph of a Coxeter system (W, .S) is a graph G = (V, E) with vertices

given by elements of the group V' := W, and with edges given by

E={(w)|wlvesS}.

The Cayley graph of a Coxeter group is undirected since each generator squares to identity, and
it also has a natural edge-coloring given by color((w,v)) = w™lv.

Below we consider some Coxeter codes arising from the families A,,, I(3)*, and I5(4)". In ad-
dition to showing Cayley graphs for some of these groups, we also list some explicit code parameters.
Italics indicate distances that rely on Conjecture 3.2.3 and regular font indicates a proven value. In
particular, Corollary 3.2.8 guarantees that dist(Cy/(r)) = 2™~" whenever r > [ % |; the distances of

some order-1 codes were computed by brute force.
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3.4.1 Codes of type A,,

Consider Coxeter codes corresponding to the infinite family A,,,, the symmetric group on m+ 1 letters.

The Cayley graphs for A3 and A4 are shown in Figs. 1.1 and 3.2, respectively.

Figure 3.2: Cayley graph for the symmetric groups Ay

m

r 2 3 A 5 6

1 6,5, 2] (24, 12, 4] [120, 27, 12] [720, 58, 36] [5040, 121, 144]
2 6,6, 1] [24,23,2] [120, 93, 4] [720, 360, 8] [5040, 1312, 24]
3 (24,24, 1] [120, 119, 2] [720, 662, 4]  [5040, 3728, §]
4 [120, 120, 1] [720, 719, 2]  [5040, 4919, 4]
5 [720, 720, 1] [5040, 5039, 2]
6 [5040, 5040, 1]

Table 3.2: Parameters of the codes C4,, (r). Here and below, the distance values shown in italic rely on
the validity of Conjecture 3.2.3.
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3.4.2 Codes of type I5(3)*

Consider Coxeter codes corresponding to the infinite family I5(3)*, i copies of the order-6 dihedral

group. Note that the rank of I5(3)* is m = 2.

(a)
A

o=

o=
o=
o=

o=

!

O—0
O—0
O—0

O—0
O—0

!

O—0
O—0
O—0

O—0
O—0

)

T

RAR

2:b2:y2:p2:1
(rb)3=(br)®=(yp)*=(py)*=1 >
(ry)*=(rp)*=(by)*=(bp)*=1

<,'7 b) 7p

) St S

ST
essssseE
essssseE

2:b2:y2:p2:1
(rb)*=(br)*=(yp)* =(py)*=1 >
(ry)*=(rp)*=(by)*=(bp)*=1

Figure 3.3: Cayley graphs for Cartesian products of two dihedral groups: (a) I2(3)— note that I3(3) = As,
the symmetric group on 3 letters— and (b) I2(4). The Coxeter system I5(4) = Bs, the hyperoctahedral
group, or signed symmetric group, on 3 letters.

0

r I 2 3 4 5

1 6,5, 2] (36,9, 12] [216, 13, 72] [1296, 17, 432] [7776, 21, 2592
2 6,6, 1] [36, 27, 4] [216, 64, 24] [1296, 117, 144] [7776, 186, 864]
3 36, 35, 2] [216, 152, 8] [1296, 421, 48] [7776, 906, 288]
4 [36, 36, 1] [216, 203, 4] [1296, 875, 16] [7776, 2676, 96]
5 216, 215, 2] (1296, 1179, 8]  [7776, 5100, 32
6 216, 216, 1] [1296, 1279, 4]  [7776, 6870, 16
7 [1206, 1295, 2] [7776, 7590, 8]
8 [1206, 1296, 1]  [7776, 7755, 4]
9 [7776, 7775, 2]
1 [7776, 7776, 1]

Table 3.3: Parameters of the codes Cy, (3)u (7).
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3.4.3 Codes of type I5(4)"

Consider Coxeter codes corresponding to the infinite family 75(4)", m copies of the order-8 dihedral

group. Note that the rank of 75(4)* is 2.

W
1 2 3 4
8,7, 2] [64, 13, 16] [512, 19, 128] [4096, 25, 1024]
8,8, 1] [64, 51, 4] [512, 130, 32] [4096, 245, 256]
[64, 63, 2] [512, 382, 8] [4096, 1181, 64]
[4096, 2015, 16]

0| N N B W~ 3

]
(64,64, 1] [512, 493, 4]
[512, 511, 2] [4096, 3851, 8]
[512, 512, 1] [4096, 4071, 4]
[4096, 4095, 2]
[4096, 4096, 1]

Table 3.4: Parameters of the codes C, (4)u (7).
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Chapter 4. Quantum Coxeter Codes and Transversal Logic

4.1 A New Family of CSS Codes

Recall the definition of quantum Coxeter codes from Chapter 1:

Definition 1.3.1 (Quantum Coxeter codes). Let 0 < ¢ < r < m be non-negative integers. The order-
(q,7) quantum Coxeter code of type (W, S), denoted by QCy(q,r), is defined as the common +1

eigenspace of a Pauli stabilizer group (Sx, Sz), with stabilizer generators given by

Sx = {Xuw) | weW,J 81 =m—q}, (1.2)

Sy = {Zw<J> ’ wEW,JQS,|J|:r+1}. (1.3)
That is, QCy, (g, 7) is given by
QCu (g, 7) = {|¢> e (€W | Py = |¢) forall P € Sy U SZ} .

Thus, the X and Z stabilizer spaces of QCy (g, r) are isomorphic to the classical codes Cy ()

and Cyy (m — r — 1), respectively. Following Section 2.4 on CSS codes, we have the following:

Theorem 4.1.1. The order-(q,r) quantum Coxeter code of type (W, S) is the CSS code QCy(q,7) =
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CSS(Cw (q), Cw(m — r — 1)). The parameters of QCy,(q, ) are

r

n=Wk=3 <Vf> g — gmin(a+1m=r))

i=q+1

Proof. The length and number of logical qubits are clear by construction. Denote the X and Z sta-
bilizer spaces by C; = Cy(¢q) and Cy = Cy(m — r — 1), respectively. The distance is given by
dist(QCy (g, 7)) = min(dx, dz), where dx := wy(C3\C}) is the minimum Hamming weight of the
binary code C;\C and similarly for dz := wy(Ci\C>). Below we assume that ¢ < 7 because if
q = r, then the code has no logical qubits, and the distance is not well defined. The argument depends
on whether 7 < | %] or not.

1. g <r < 2] Inthiscase, m —¢—1>m— [2] > |%], and thus dist(C{-) = 2¢H
by Corollary 3.2.8, and dist(Cy) = 2™ " for the same reason. Since C; C Cj, we conclude that
dx = 2™ir(a+Lm=r) The argument for d; is fully analogous, which proves the claim of the theorem.

2. ¢ <[] < r. As above, we have dist(C{-) = 27", By Theorem 3.2.4, dist(C5) > 2" >
dist(C}), so clearly dy = 2¢*1. The argument for d is again fully symmetric, yielding the estimate

dz = 2™~" and concluding the proof. [

Remark 4.1.2. A related construction of quantum stabilizer codes was earlier outlined in [VB22].
Its authors start with an abstract combinatorial generalization of RM codes wherein the group Z%' is
replaced with a Cartesian product £,,, = L; x --- X L, of finite sets of varying size. Fixing a subset
F C L,, defines the support set of qubits of the quantum code, and the stabilizers act on specially
chosen subsets of F that sustain the commutation relations. As the authors of [VB22] observe, one
way of choosing the collection £,, is by taking the sets L; as rank-(m — 1) standard subgroups of a

Coxeter group W of rank m. They further construct the stabilizer group by taking X - and Z-stabilizers
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that act on subsets corresponding to the standard cosets of I1/. At the same time, [VB22] does not link
this construction to CSS codes or identify the properties of the obtained quantum codes, suggesting
that knowing the group presentation is not sufficient for that purpose. Our approach advances this
understanding, showing that it is possible to pinpoint code’s properties starting from the structure of

the underlying Coxeter group.

Finally, the logical X and Z spaces of QCyy (g, r) are fully characterized:

Lemma 4.1.3. For QCyy(q, 1), spaces of logical X and Z operators are isomorphic to the classical

Coxeter codes Cyy (1) and Cyy(m — q — 1), respectively.
Proof. This follows directly from Theorem 1.2.4 and Lemma 2.4.9. [

In Section 4.3 we give a few examples of quantum Coxeter codes.

4.2 Transversal Logic on Quantum Coxeter Codes

We will now demonstrate how the simple combinatorial structure of Coxeter groups leads to a large
class of transversal logical operators acting on the code space of a quantum Coxeter code. Throughout,
we suppose that (I, .S) is a fixed (spherical) Coxeter system of rank m, q,r € Z>q satisfy 0 < ¢ <
r < m. Consider the quantum code QCyy (g, r).

The duality of Coxeter codes combined with Lemma 2.4.9 implies that the logical X and Z
spaces for QCyy (g, r) are given by the classical codes Cy, (r) and Cy (m — g — 1). That is, a vector
x € IF‘QW‘ gives rise to a logical X, Xqupp, if and only if 2 € Cyy(r) (and similarly for Z). Building

upon this fact, we construct transversal logical operators formed of diagonal Z rotations acting on
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standard cosets. We consider the single-qubit gates

Z(k) = |0X0| + e'2F |1X1|, k> 0.

The Z (k) operators are defined so that they reproduce the natural k-th level Clifford hierarchy single-
qubit Z basis gates: Z(—1) = I, the identity, Z(0) = Z, the Pauli Z operator, Z(1) = S = v/Z, the
phase gate, Z(2) = T = /S, the T gate, etc. Note that Z(k)2" = Z(k — () for £ € {0,...,k+ 1}, s0
Z(k) has order 2+,

We will now define a set of natural transversal operators acting on physical qubits indexed by
the elements of . For an arbitrary subset A C W, let Z (k) 4 be the [ |-qubit operator implementing

the following gate on the qubit corresponding to w € W:

(

Z(k), ifw € Aand/{(w)iseven

(Z(k)a),, = 4 Z(k), ifw e Aand £(w)is odd

I, otherwise,

where { is the length function on W (see Section 2.6).

Definition 4.2.1. When A = o (K) is a standard coset, we say that Z (k) oKy is a signed standard coset

operator, or simply coset operator.
Thus, when £ = 0 and Z(O)UU{) = Z, (k) is a Z operator acting on o(K), the following is a
consequence of Lemma 2.4.9:
Lemma 4.2.2. Consider QCy(q,r) and let A < W be a standard coset. The following are true:
o Z4 € SO ifand only rank A > r + 1, and X 4 € S if and only ifrank A > m — q.
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o 74 € &Y ifand only ifrank A > g+ 1, and X4 € £ if and only ifrank A > m — r.

The aim of the present section is to prove the following generalization of Lemma 4.2.2 to Z (k) 4

and Z (k)4 operators for arbitrary values of & > 0, previously called the Validity Theorem:

Theorem 4.2.3. Consider QCyy(q,7), k € Z>o, and A < W be a standard coset. The following are

true:
1. Z(k)4 € 8™ ifand only if rank A > (k + 1)r + 1.
2. Z(k:)A € EW ifand only if ¢ + kr +1 < rank A < (k + 1)r.

The two parts of this statement are proved as Claims 4.2.8 and 4.2.9 below, by examining how
the coset operators conjugate the logical X operators for QCyy (¢, ). We also mention that one can
consider unsigned Z (k) operators, i.e., without locally inverting based on the parity of ¢(w); Theo-
rem 4.2.3 is only applicable for such operators when W = Z5* and QCy, (¢, 7) = QRM,,(q,r), which
will be discussed in Section 5.1.

Denoting wy, = e‘ifk, one can easily compute that for all £ > 0,

Z(K)XZ(k)' = wpZ(k — 1)X.

It immediately follows that for any two subsets of qubits, A, B C W,

Z(k)aXpZ (k) = aZ(k — 1) an5 X5 (4.1)

for some unit-norm « € C. By definition, the X and Z stabilizers of QCy, (g, ) have positive signs;
in order to preserve the code space it will be crucial that this « is precisely o = 1. This motivates the
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Figure 4.1: A visual “proof” of Lemma 4.2.5

following:
Definition 4.2.4. For subsets A, B C W and k > 0, the operator Z (k) 4 X5 Z (k)" is said to be phase-
free if Z(k)aXpZ (k) = Z(k — 1) anpX5.

We will always take A and B to be standard cosets, and since any standard coset with strictly

positive rank has an even number of vertices via Lemma 2.6.3, the following is true:

Lemma 4.2.5. For standard cosets A, B < W with non-trivial intersection, Z (k) 4 X pZ (k)', is phase-

free if and only ifrank AN B > 1.

See Section 4.2 for a proof by illustration.
To prove Claims 4.2.8 and 4.2.9 we will make frequent use of the following statement detailing

intersections of various standard cosets in W.

Lemma 4.2.6. For ( € {0,...,m}, let B4, denote the collection of rank > ( standard cosets that

have a non-trivial overlap with a given standard coset A < W :

Bay = {B ) B is a standard coset with rank B > fand AN B # Q)} )
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Forp € N, rank AN B > p for every B € Bay if and only ifrank A > m — { + p.

Proof. Without loss of generality, we can assume that A = (.J) for some J C S.

(=) By assumption, rank AN B > p, so |J| = rank A > p. Suppose for contradiction that
p < |J| <m —{+ p. Define K C S to be the union of [m] \ J and any p — 1 elements of .J, so that
|[K| >m—(m—{+p)+p—1=¢—1.Butthen (K)ishasrank > fandrank AN B = |[JN K| =
p—1<np.

(<) For arbitrary B € B4 there existsa K C S, |K| > ¢, and ac € W such that B = o(K).
As AN B # ( by definition of B € Bay, there is a p € W such that AN B = p(J N K) and
rank AN B = |JNK]|. Since J and K are both subsets of S, which has m elements, a simple

counting argument combined with |.J| > m — ¢ + p and | K| > ¢ implies that |J N K| > p. O

One simple consequence of this structural result is that as long as the rank of A is large enough,

conjugating a stabilizer with Z (k)4 will not introduce any unwanted phases.

Lemma 4.2.7. For an arbitrary standard coset A < W, Z (k)1 XpZ(k), is phase-free for every X

stabilizer generator Xp of QCyy(q,r) if and only if rank A > ¢ + 1.

Proof. By definition of QCyy, (g, 7), the Xg’s that are stabilizer generators are precisely those where
rank B = m — ¢q. By Lemma 4.2.5, the statement of the lemma can be rephrased as follows:
Z(k)aXpZ(k)', is phase-free if and only if rank A N B > 1 for every standard coset B that has
non-trivial intersection with A and satisfies rank B > m — ¢. The desired result therefore holds by

applying Lemma 4.2.6 with { = m — qgand p = 1. ]

Claim 4.2.8. For k£ > 0 and a standard coset A, 7 (k)4 is a level-k Clifford stabilizer for QCyy (g, r) if

and only if rank A > (k + 1)r + 1.

71



Proof. We will prove both the direct and converse parts of the claim by induction on k. When k = 0,
Z (0)a = Z4 and the statement is true by Lemma 4.2.2. Let us suppose that the statement is true for
kE > 0 and consider the statement for & 4 1.

(=) Suppose for contradiction that there exists a standard coset A such that (1) Z (k+1)4 €
S*+D but (2) rank A < (k + 2)r. As A is a standard coset, there exist o € W and K C S
(|K| = rank A), such that A = o (K).

Now, by assumption of Z (k)4 € SV it must be true that for every logical X coset operator
Xp, the operators Z(k) s XpZ (k)', and Xp are equivalent. Given our assumption for the rank of A,
we will obtain a contradiction by constructing a logical X for which Z (k)4 XpZ(k)', # Xp.

Let K* C S be any subset of S with |K*| = m — r elements such that S\ K C K*. Define
the standard coset B = o(K™*), so that AN B = o(K N K*) # (). Using Eq. (4.1) for Z(k) and
Z(k)t we have that Z(k + 1)4XpZ(k + 1)}, = aZ (k) ans X5, where « is some global phase factor
dependent on k, A, and B. This implies that for Z(k + 1)4X5Z (k + 1), € 8™ to be true it must be

that Z(k)anp € S™, as otherwise o (k) anp X |¢0) cannot equal X |) for every state |¢) in the

code space of QCy(q, ). As it turns out, Z (k) anp € 8™ contradicts our induction hypothesis that
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rank AN B > (k + 1)r + 1. Indeed, we can upper-bound this rank as

rank AN B = |KNK*,
= K\ (S\ K,
(S\K C K = |K*| - |5\ K],
= (m—r) = (m—|K]),
= |K| =,

(rank A < (k + 2)r by assumption (2)) < (k+1)r,

Thus, Z (k) anp & S®), implying that Z(k + 1) 4 ¢ S*+D.

(<) Assume that Z (k) 4 is alevel-k Clifford stabilizer for all A satisfying rank A < (k-+1)r+1.
Now suppose that A is a standard coset with rank A > (k+2)r+1. Let B be an arbitrary standard coset
for which X is an undetectable X error, which by Lemma 4.2.2 occurs if and only if rank B > m —r.
By Fact 2.5.6, the desired result, Z(k + 1), € S**1, holds if and only if Z(k + 1) 4 X5Z(k +1)!, =
Xp. Thus, we consider the operator Z(k + 1)1 X Z(k + 1)1,.

Asrank A > r+1 > ¢+ 1, Lemma 4.2.7 implies that the operator is phase-free, and so

Z(k+ 1) aXpZ(k+ 1)\, = Z(k) anpXp.

Now notice that, since rank A > (k+2)r +1=m — (m —r) + (k + 1)r + 1, by Lemma 4.2.6 we
have that rank AN B > (k+ 1)r + 1, so 7 (k)anp is a level-k Clifford stabilizer for the code and the

desired result holds by the induction hypothesis. 0

Claim 4.2.9. For k € Z>( and a standard coset A, Z (k) 4 is a level-k undetectable Clifford error for
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QCyy (g, r) if and only if rank A > ¢ + kr + 1.

Proof. Let Xp be an arbitrary stabilizer generator. By definition (2.6), Z (k)4 € N® if and only if
Z(k)aXpZ(k)!, € S® D for every Xp acting on a standard coset B with rank B = m — ¢. Using
(4.1) for Z (k) and Z(k)', we have that Z(k)AXBE(k)L = aZ(k — 1) 4npX 5, where « is some global
phase factor dependent on k, A, and B. Since X is a stabilizer, we have that Z (k) 4 X Z(k)!, € S®)
if and only if aZ(k — 1) 4np € S*Y for every B with rank B = m — ¢.

(=) We assume that aZ(/c — 1) anp € S*Y for every standard coset B with rank B = m — ¢,
and we seek to show that rank A > ¢ + kr + 1. If the global phase factor ay, # 1, then A (k—1)ans
cannot fix the code space, so by Lemma 4.2.7 we have that rank A > ¢+1 in order for Z(lf)AXBZ(k)f4
to be phase-free. Now, we must show that 7 (k — 1) 4np € S*~Y for every B such that rank B =
m—q. Using Claim 4.2.8, Z(k; — 1) ans € S*Yifand only if rank ANB > kr+1. By Lemma 4.2.6
we have that rank AN B > kr + 1 for every B with rank B = m — g only if rank A > m — (m —
q) + kr+1=q+ kr+ 1, as desired.

(<) We assume that rank A > ¢ + kr + 1, and we seek to show that aZ(k —Danp € Sth=1)
for every standard coset B with rank B = m —q. As k > 0, rank A > ¢+ 1 and Lemma 4.2.7 implies
that Z(l{:)AXBZ(k’)T4 is phase-free, and so &« = 1. By Lemma 4.2.6, since rank A > g + kr + 1 we
have that rank A N B > kr + 1 for every B with rank B = m — ¢. Claim 4.2.8 thus implies that

Z(k — 1) anp € S®1, as desired. O

We have thus completed the proof of Theorem 4.2.3, giving necessary and sufficient condi-
tions for when coset operators performs non-trivial logic on QCy(q, 7). A simple corollary of Theo-

rem 4.2.3 gives one hint toward the structure of the logical circuits:

Corollary 4.2.10. If Z(k)4 € N®, then Z(k)% € S* and Z (k)4 = Z(k)1,.
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Proof. The first implication follows by Theorem 4.2.3 since dim A > g+ kr+1> ((k—1)+1)r+1
and Z (k)% = Z(k — 1) 4. Since Z(k) 4 is unitary, the logical involution property implies that Z (k) 4

is logically Hermitian. [

One may expect that, as a diagonal operator in the k-th level of the Clifford hierarchy, operator
Z (k)4 discussed in this corollary implements a logical diagonal operator in the k-th level, as well. The
only diagonal k-th level Clifford hierarchy operators that are Hermitian are circuits of multi-controlled-
Z gates, where the number of controls is at most k£ — 1 for any gate [CGK17]. Thus, Corollary 4.2.10
suggests that Z (k)4 implements logical multi-controlled-Z circuits. In the next section, we will ex-

plicitly prove this for the quantum RM case where W = Z7', and fully characterize the implemented

circuits.

4.3 Examples

4.3.1 Iceberg codes

Consider the dihedral group /5(n) whose Cayley graph is a 2n-cycle. Then QCy/ (0, 1) is the Iceberg

code generated by global X®2" and Z®?" stabilizers.

4.3.2 3D ball codes

The Cayley graphs of the Coxeter systems As, Bs, and H3 correspond to the truncated octahedron,
truncated cuboctahedron, and truncated icosidodecahedron, respectively. By definition, the quantum
Coxeter codes QCyy (0, 1) for these three groups have a single global X stabilizer, and Z stabilizers

given by the faces of the corresponding polyhedron. These three codes appear in [VK22b] as examples
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of 3D ball codes. The authors of [VK22b] note that a transversal operator consisting of the 7" operator
on a certain half of the qubits, and 7' on the other half, is a non-trivial logical operator for these codes;

this result also follows from our Theorem 4.2.3.

4.3.3 The dihedral (quantum) code family

Consider the Coxeter system W = I(n)*, u copies of the 2n-element dihedral group for p > 2,
and the quantum code QCp,(3)u (it — 1, ). For n = 3, the parameters of the particular code Q,, :=

QCry(ayn (1 — 1, ) are

Hlength = 6"k, = <I2(5>“>, d— 2#“.

The number of logical qubits x can be computed explicitly: recalling the proof of Theorem 4.1.1, this

is simply the “central coefficient” in the expansion of the Eulerian polynomial W (¢):

|
2 By
b = Coeffiu (1 + 4t + 1" =) EFTTR

i7j7l

where ¢, j,l > 0and i+ j+1 = p,2i+ j = p. Solving for j, [, we obtain | = ¢, j = p — 2¢. Substitute

into the above line and rewrite to obtain the expression

_ “—' —2i
S 2 2

Let us compare the obtained parameters with existing proposals. A family of codes with similar
parameters was considered recently in [Got24a]. The codes in this family, which the authors refer to as
many-hypercube codes, are obtained as concatenations of x copies of the [[6, 4, 2]] Iceberg code, i.e.,

concatenations of QCy,(3)(0, 1), resulting in parameters [[6*, 4/, 2"]] for all y > 2.
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Clearly, the codes Q,, have the same length and distance as the many-hypercube codes. Isolating
the first two terms in Eq. (4.2), we further obtain

pp — 1))4“’

“u2<1+ 16

where the inequality is strict for all ¢ > 4. For the same values of length and distance, quantum
(dihedral) Coxeter codes Q,, encode strictly more logical information than the construction of [Got24a]
for all p > 1.

One may wonder how the information rates of these two code families compare as ;¢ increases.
For the many-hypercube codes, the rate declines exponentially as (2/3)*. To compute the rate asymp-
totics of the Q,, family, we have to analyze the behavior of the sum in Eq. (4.2), relying on the gener-
ating function of the “central trinomial coefficients” [Wag12]. As a result, we obtain ©(u~'/2), so the
rate of quantum Coxeter codes, while not constant, exhibits a much slower decline.

Let us give a few numerical examples using Table 3.3. It is easier to compute the number of
logical qubits once we realize that x, = dim(Cp,)u(p)) — dim(Cp,(z)u(p — 1)). For instance, for
pu = 3,4, the codes Q,, have parameters [[216, 88, 8]] and [[1296, 454, 16]]. At the same time, the
many-hypercube codes for the same 1 have parameters [[216, 64, 8]] and [[1296, 256, 16]].

Note that the distance of the code Q3 = QC,3)3(2, 3) still falls short of the best known quantum
code' for n = 216, k = 88, which has distance 21. At the same time, both quantum Coxeter and
many-hypercube codes are instances of general code families with clearly described structure, and in

the latter case are also equipped with efficient encoding and decoding procedures.

'Per codetables.de, the code was constructed by computer. The tables stop at length . = 256.

77



Chapter 5: Characterizing Logic in Quantum RM Codes

5.1 Specializing To The Hypercube

We now restrict our attention to the case where the Coxeter system is (Z3', S,,), the finite elementary
Abelian 2-group ZJ' with generating set of weight-1 bit strings S,,, = {e;};",. This choice yields
the well-known family of quantum Reed-Muller (RM) codes QRM,,(q,7) == QCzp(q,r). In light
of Theorem 4.2.3, our goal will be to explicitly characterize the logic implemented by coset operators
Z (k) 4. To do so, we begin by recasting our terminology to better reflect the particular structure of Z7".
Throughout, we let S' := S,,,, as we are only working in the case where W = ZI'. We will frequently
abuse notation by referring to S and the set [m] interchangeably. For example, when we write “let
i € S”, this should be interpreted to mean “let ¢; € S for i € [m]”.

One common view of the group Z3' is that of the m-dimensional Boolean hypercube graph,
where vertices correspond to the elements of ZJ' and two vertices are connected by an edge whenever
their labels differ in a single coordinate, i.e., x,y € Z3' are connected by an edge if z = y + ¢; for
some ¢ € [m]. In this view, a standard coset « + (J) for z € Z3* and J C S, geometrically appears
like a | J|-dimensional subcube of the Boolean hypercube. Thus, for the remainder of this chapter we

will use the subcube terminology from the introduction:

Definition 1.1.2. (Subcubes of the hypercube)
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* A standard subcube of the m-dimensional hypercube is a subgroup of the form (J), where
J C S is a subset of generators. That is, bit strings in (J) are precisely those whose support lies

entirely within the set .J, viewed as a subset of [m)].

* A subcube is any coset of a standard subcube, i.e., subsets of Z3* of the form A := z + (J) for

some z € Z7'. The set J is called the type of A' and the cardinality |.J| is called its dimension.

Recall that we write A T Z7' to indicate that the subset A is a subcube. Note that the bits
appearing outside of J form an invariant of a subcube A of type J: given two bit strings x,y € x+ (J),

x; = y; forevery i € S\ J. An i-cube is a subcube with dimension equal to ¢ > 0.

Remark 5.1.1. We are now using the term “standard” in a different way than before: With Coxeter
groups and codes, “standard” referred to cosets of subgroups generated by subsets S. Here, “standard”
subcubes refers to standard subgroups in the Coxeter system (Z7',S,,), and subcubes (without the

adjective “standard”) are more general standard cosets.

We now recall the definition of a quantum Reed—Muller code:

Definition 1.4.1 (Quantum RM codes). Let 0 < ¢ < r < m be non-negative integers. The quantum
Reed—Muller code of order (¢, r) and length 2™, denoted by QRM,,(q,7), is defined as the common

+1 eigenspace of a Pauli stabilizer group S := (Sx, Sz), with stabilizer generators given by

Sx = {XA ‘ Aisan (m — q)—cube} , (1.4)

Sy = {ZA ‘ Aidsan (r+ 1)—cube} : (1.5)

Our main goal will be to study signed subcube operators, Z (k) 4, which implement the following

"Note that the bits appearing outside of .J form an invariant of a subcube A of type J: given two bit strings 3,z €
x+ (J),y; = z forevery i € S\ J.
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gate on the physical qubit index by an z € Z7":

(

Z(k), ifx € Aand |x|iseven
(Z(k)a), = z(k)', ifz e Aand|z|is odd

I, otherwise.
\

That is, a signed subcube operator is precisely a signed coset operator from the previous section,
specialized to the case of the Boolean hypercube W' = ZZ7'. One could also consider unsigned subcube
operators Z (k)4 acting as Z(k) on the qubits in A and identity elsewhere. In fact, one can prove the

following version of Theorem 4.2.3 for these subcube operators:

Proposition 5.1.2. Consider QRM,,(q,7), k € Z>o, and A T Z3' a subcube of the m-dimensional

Boolean hypercube. The following are true:
1. Z(k)4 € S®) ifand only if dim A > (k + 1)r + 1.
2. Z(k)a € E® ifand only if g+ kr +1 < dim A < (k + 1)r.

The main reason that signed coset operators are more natural than unsigned ones is Lemma 4.2.7:
no unwanted global phases are introduced when conjugating stabilizers and logicals with signed coset
operators of large-enough rank, because the intersection always contains a matching number of Z (k)
and Z (k) operators. For instance, when conjugating logical X operators with unsigned coset op-
erators (to imply the logical identity property), it is imperative that the total number of Z (k) opera-
tors acting on the intersection is congruent to 0 modulo 2***; the lower bounds on dimension when
considering unsigned subcube operators, i.e., specifically for the quantum RM code family, will still
guarantee unit phases.
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To give another example of how the phase considerations manifest for unsigned subcube opera-
tors, consider the simple [[4, 2, 2]] code with two stabilizer generators X®* and Z®*. This code is the
quantum RM code QQ RM5(0, 1), where the edges of the square give rise to logical X and Z operators
for the code. It is simple to show that a global phase gate Z(1)®* = S®* preserves the code space: S
conjugates X as S X ST = —iZX, so (S X S® = (—4)1Z%1 X% = 781X ®* {5 clearly a stabilizer.
Its conjugation action on the X edge operator X @ X QI® 1 gives (—i)*(ZRZQIQ)( XX RIRQI) =
—(ZRZRI®I)(X ®X ®I®I). While the —1 phase is not inherently a problem, it’s indicative
of the fact S®* does not simply implement a logical controlled-Z for the code, but rather the slightly
more complicated CZ(Z ® Z) circuit. We can fix this, however, by considering a signed version of the
global phase gate, S® S" ® S ® ST, acting as S on two opposite corners of the square and as the adjoint
on the remaining two vertices. The logical action of this gate is precisely C'Z, and it is well known that
the Z (k) generalization of this signed gate implements the m-qubit logical multi-controlled-Z gate in
the family of hypercube codes, Q RM,,(0,1) [WBB22, Cam].

We will ultimately see in Section 5.3 that the logical circuit for Z (k) 4 can be deduced from that
of signed subcube operators Z (k) a. For now, we will only consider signed operators.

In order to define the action of a logical circuit, we will first need to detail a symplectic basis of
logical Pauli errors (Definition 2.5.7). For a subset J C S, we use the shorthand e; :== >

m

to denote the indicator bit string of length m corresponding to J.

Lemma 5.1.3. Consider the following sets of Pauli X and Z operators

Lx = {XeJJr(S\J) ‘ JCS, q+1<|J <L 7‘},

Ly = {2y | JCs qr1<l <),

81



{Lx, Lz} is a symplectic basis for QRM,,(q,r). In particular, operators Z;y, € Ly and X., (s\k) €

Ly commute if and only if J # K.

Proof. The equivalence between signed monomials and indicator functions of subcubes implies that
these X and Z operators generate the corresponding logical spaces. We now prove the symplectic
condition:

(=) Assuming J = K, we have that (J) N (e;+(S \ J)) = {e;}, implying that Z;, and X ¢\
have overlapping support on a single qubit and therefore anti-commute.

(«<=) Consider the set of qubits that are acted on by both operators, given by A = (J) N (ex +
(S'\ K)). We proceed in cases:
Case L. (J C K) Note that this case can only occur when ¢ < r — 1. Suppose that x € A # (). Then
there exists J' C Jand M C (S\ K) such that z = ey = ex + ey, implying that ey + ex = eyy.
Now, since J C K, we are guaranteed that J' N M = (), and for the equality to hold, it must be that
ey + ex = ey = 0. Thus, we have that e ;; = ex. But by assumption, K is strictly larger than J’, so
this equation cannot be satisfied and no such z can exist. Thus A = () and the operators commute.
Case IL. (J \ K # ()) Recall that either A = () or else there is an x € Z3" such that A = x +
(JN(S\ K)). We are guaranteed in this case that J N (S\ K) # 0, so |A| € {0,271} js even

and the operators commute. [

Lemma 5.1.3 allows us to use the subsets, J C S, with ¢ + 1 < |J| < r to uniquely index the

logical qubits of the QRM,,,(q,r) code:

Definition 5.1.4 (Index set for the logical qubits). Consider the quantum code QRM,,(q,r). The

collection of subsets Q = {J C S| ¢+ 1<|J| <r} is called the index set for logical qubits of
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Figure 5.1: Consider the quantum RM code Q RM4(0,2), whose physical qubits are indexed by the
vertices of the 4-dimensional hypercube.

(a) By construction, a transversal Z operator applied to a subcube with dimension equal to either 1 or 2
(edges/squares) is necessarily a Z logical operator (represented by dark red boxes). Similarly, a transversal
X operator applied to a subcube with dimension equal to either 2 or 3 (squares/cubes) is necessarily an X
logical operator (represented by dark blue boxes). The light red and blue boxes indicate dimensions where
Z 4 and X 4 act as stabilizers of the code, respectively. The white boxes indicate dimensions where neither
Z 4 nor X 4 preserve the code space.

(b)—(c) The code has (}) + (5) = 10 logical qubits that are indexed by subsets J C [m] with |.J| = 1 or 2,
and the distance of the code is 2. Thus, there are two classes of logical operators, those whose index set J
has size |J| = 1, shown in (b), and those whose index set has size |J| = 2, shown in (c). Each of the 10
4-cubes shown in (b)—(c) represents a symplectic pair of logical Pauli operators. The (red) dashed edges and
squares indicate Z subcube operators and the (blue) solid squares and cubes indicate X subcube operators.
A symplectic pair of operators overlap on a single qubit, namely, the qubit with index e := >, _ ; e;. These
qubits are represented by (purple) vertices that lie at the intersection of the corresponding dashed and solid
subcubes.

(b) The first class of logical operators are the Z operators that act on subcubes of dimension 1 (dashed red
edges), together with the X operators that act on subcubes of codimension 1 (solid blue cubes).

(c) The second class of logical operators are the Z operators that act on subcubes of dimension 2 (dashed red
squares), together with the X operators that act on subcubes of codimension 2 (solid blue squares).
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QRM,,(q,r). For J € Q, the J-th logical qubit* of QRM,,(q,r) is defined via the logical Pauli

operators 7 = Zyy and X, = Xest(s\)-

Instead of considering arbitrary subcubes A T 772, it turns out that we only need to consider
the standard subcube operators; we will prove in Section 5.2.1 that every Z (k)a operator can be
decomposed as a product of operators Z (K")(xy for various £’ < k and K C S. This motivates the

following generalization of Definition 5.1.4:

Definition 5.1.5 (Index set for the k-th level logicals). For & > 0, the index set for the k-th level Clifford
logical operators of QRM,,(q,r), denoted by Q, C Z(S), is given by the following collection of

subsets of generators (which implicitly depends on the choices of ¢ and r):

Qi ={KCS|q+kr+1<|K|<(k+1)r}. (5.1)

That is, K € Q) implies that Z (k) (k) acts on a subcube with dimension large enough to preserve

stabilizers but not so large as to realize trivial logic.

As mentioned earlier, Theorem 4.2.3 implies that the logical circuit implemented by Z (k) (ks
K € Qy, will be a circuit composed of multi-controlled-Z operators (see Section 2.3 for the defini-
tion/notation of such circuits). Givena K € Q,, we will now define such a collection that will, in many
cases, correctly determine the corresponding logical circuit for Z (k) (k) Recall from Definition 5.1.4

that a set of logical qubits 7, itself, is a collection of subsets of generators J C S.

Definition 5.1.6 (Minimal covers for logical index sets). Suppose that K € Q. A set of logical qubits

J C Qis said to form a Q-minimal cover for K, or simply a minimal cover for K, if (1) J is a cover

2We emphasize a possible point of confusion: the index set for logical qubits is, itself, a collection of subsets.
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of K,ie., J,c; J = K, and (2) the number of logical qubits in 7 is |J| = k + 1. Since |J| < r for
each J € Q and |K| > ¢ + kr + 1 by Definition 5.1.5, k + 1 is the smallest possible number of sets
from Q that cover K, hence the “minimal” designation.

Let F(K) C Z(Q) denote the collection of all minimal covers for K,

F(K)=4{J C Q| J is a minimal cover for K} .

Remark 5.1.7. The “minimality” condition implies that a multi-controlled-Z circuit corresponding to
F(K) lies in the k-th level of the Clifford hierarchy (see Section 2.3). We will see that Z(k) subcube
operators implement such circuits, matching intuitively with the fact that Z (k) is also in the k-th level.
The “cover” property implies a special overlap condition: 7 is a cover of K if and only if Z(k)
jointly overlaps with all of the logical X ; operators, J € J, on a single qubit (e.g., see Fig. 5.2).
While we won’t utilize this property, perhaps an odd overlap on the joint support of X logicals is part
of a more general phenomenon related to the classification of the circuits implemented by transversal
Z (k) operators; we leave this question, which may be related to the triorthogonality property [BH12],

for future work.

When k£ = 0, any Q-minimal cover for J € Q necessarily contains a single element from
Q, which by definition must be J itself. So, the set of all minimal covers for J € J is simply
F(J) = {{J}}. Any theorem describing the logical circuit for Z (k)xy, K € Qj must necessarily
reduce to Z(0) ) = 7 ; in the case that J € Q. We note that, at least in this simple case of k& = 0, it

is trivial that Z(0) .,y = C7)Z for J € Q; this fact will hold for more general k£ > 0, at least in the

case that ¢ > 1.
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@, C O C O C

Figure 5.2: Consider the code QRM4(0,2) and the standard subcube operator S5 5 4y. To motivate the
utility of the “cover” property for a collection of logical qubits 7 C O, we consider the intersection of the
standard subcube (2, 3,4) (represented as a magenta cube in each subfigure) with various collections.

(a) In this case J = {{1,2}} is not a cover for {2, 3,4}. The logical X operator it corresponds to acts on
the non-standard subcube 1100 + (3,4) (represented by an orange square). Clearly this subcube does not
intersect (2, 3,4), so subcube operators acting on them commute.

(b) In this case J = {{2,3}} is not a cover for {2, 3,4}. The logical X operator it corresponds to acts on
the non-standard subcube 0110 + (1, 4) (represented by an orange square). By construction, this subcube
intersects (2, 3,4) on an even number of qubits (represented as red dots).

(c) In this case J = {{2,3},{4}} is a cover for {2,3,4}. It corresponds to two logical X operators
acting on non-standard subcubes: 0110 + (1,4) (orange square) and 0001 + (1, 2, 3) (cyan cube). The joint
intersection of these subcubes with the standard subcube {2, 3,4} is a single qubit (black vertex), 0111.

5.2 Signed Subcube Operator Logic

We suppose that ¢ < r, as otherwise Q RM,,(q, ) encodes no logical qubits. Our main theorem is to

prove the logical action of signed subcube operators.

Theorem 5.2.1. For every K € Qy, Z (k)(ky implements the logical multi-controlled-Z circuit corre-

sponding to the collection of minimal covers of K :

Z(k) ey = CFEIZ,

As Z(k) and C*¥+1Z are both diagonal, to characterize the logic of a Z(k) k) operator we will
only need to understand how multi-controlled-Z circuits corresponding to F(K') conjugate logical X

operators. The following is the logical version of Lemma 2.3.9 for the X operators.
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Lemma 5.2.2. For every logical qubit J € O,

CFE)Z X; CFE 7 = CFE)~a7X (5.2)

where we define

F(K)wy ={T\{J}| T € F(K)and J € T} .

So, our objective is to prove that for every logical qubit J € Q,

Z(k) )X 1Z(k) oy = CTEIZ X, CTHV 7, (5.3)

Using conjugation identities for 7 (k) and multi-controlled-Z gates, Eqgs. (4.1) and (5.2), we can rewrite

this relation as

Z(k—1)pX, =C70~7 X, (5.4)

where B == (K) N (e; + (S\ J)) is the common support of Z(k)gq and X ;.

The proof of Theorem 5.2.1 is presented in Sections 5.2.1 and 5.2.2 and amounts to showing that
Z (k—1)p = CFEK)~sZ. Our plan is to use induction on k; however, this does not work directly
since B on the left-hand side of Eq. (5.4) is guaranteed to not be a standard subcube. Instead, we will

proceed using the following sequence of steps:

Step I: We use the decomposition result in Theorem 5.2.5 to rewrite Z (k — 1)p as a product of

standard subcube operators for which induction will apply;

Step II: We show how to compose multi-controlled-Z circuits that arise from this induction;
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Step III: Combine these results to complete the proof.

5.2.1 A basis for k-th level subcube logic

A standard cube (J) has a unique element of minimum Hamming weight, namely the origin. This

property extends to all subcubes, as shown in the next lemma.

Lemma 5.2.3. Let A T Z7' be an arbitrary subcube of type J C S. It contains a unique element, x*,

such that |x*| < |y| forally € A\ {z*}.

Proof. Let A be a subcube of type J. We claim that A can be constructed as x + (J), where = depends
on A and satisfies supp(z) N J = (). Indeed, there are 2™~ such vectors x, and for = # 2/, the
subcubes (cosets) x + (J) and 2’ + (J) are disjoint. Clearly, x is the unique vector of minimum

Hamming weight in its coset, so z* = x. 0

To introduce the next lemma, suppose we have nested subcubes z + (J) and z+ (J U {1}) where
J C S\ {1} and z € Z7 is arbitrary. The set difference (.J U {1})\ (.J) is a subcube of type ./, namely
e1 + (J). Multiplying the subcube operators Z (k) corresponding to these two nested subcubes, we

obtain

ZK) oy Z(R) v iiopy = Z(R) sver sy Z(k — 1), (5.5)

as each element of 2 + (J) is acted on twice by Z(k) (or Z(k)"). The following lemma is essentially
the inductive application of this relation to the increasing standard subcubes on the left-hand side of

Eq. (5.6). Below we abbreviate supp(x) C supp(z*) as = C x*.
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Lemma 5.2.4. Let z* + (J) C ZJ' be a subcube with x* as in the previous lemma. For all k > 0,

H Z k) supp(a)ug) = H Z(k = |])2* —a+ (supp()u) - (5.6)

rzCx* xCx*

Proof. Induction on the weight of z*. If |z*| = 0 then there is a single term on each side of Eq. (5.6)
corresponding to z* = 0™, and the two sides are clearly equal. Suppose Eq. (5.6) holds for all z* + (J)
where |z*| = k > 0, and take an z* 4 (J) with |z*| = k + 1. We assume without loss of generality
that 1 € supp(z*). Let us group the terms on the left-hand side of Eq. (5.6) by those that only differ

on 1:

H Z(k)<supp(x uJ) ( H Z(k)<supp(fr UJ) ) ( H Z S“pp U{l}u‘]>>’

xzCa* xC(z*—e1) xC(x*—eq)
= ( H Z — |2|) e — a:+<supp(w)UJ>>
J;C(l‘ —61)

( | R G ) — >u{1}w>)
C(z*—eq)

= H (Z(k — |72 ey~ (supp(@)uy*

Z(k - |x|)I**elfer(supp(:r)U{l}uJ)) )

where the second equality uses the induction hypothesis on each term.

For each x C z*—e; we have a product of two subcube operators, where one subcube contains—
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and is one dimension larger—than the other. Now the observation in Eq. (5.5) completes the proof:

H Z( (supp(z)UJ) ( H Z |LU| z*—:n—l—(supp(m)UJ)) Z(k - |LU| - 1)$*—e1—$+(supp($)UJ>7

xCa* xC(z*—eq)

o | RAUE ) ———

where the last equality holds because the bit strings z* — (e; + =), x C (2* — e;), appearing in the

second term, correspond to the substrings of x* that are supported on the first index. [

Theorem 5.2.5. Let k € Z>q, and consider QRM,,(q,r). The standard subcube operators
{Z0)uo | K € i}

form a basis for the space of logical Z(kz)A operators on QRM,,(q,r). That is, for v* + (K) C Z2

with minimum-weight element x*, i]‘Z(k)x*HK) e N then

Z(k):p*Jr(K} = H Z(k) (supp(z)UK)» (57)

aCa* s Jol+|K|<(k+1)r
up to Clifford stabilizers, where each supp(z) U K € Q.

Proof. By Lemma 5.2.4 we have the following equality:

IT 20k = 12))e—asumpirim = [T Z(6) supptaon- (5.8)

xCx* rCax*

We will show that, under our assumptions, this identity is precisely Eq. (5.7).
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Recall that by Theorem 4.2.3 we necessarily have K € Q, so

g+kr+1<|K| < (k+ 1)

Consider the right-hand side of Eq. (5.8). Since x C z* and supp(z*) N K = (), we have that
|supp(z) U K| = |z| 4+ | K|. By Theorem 4.2.3, if this quantity is > (k + 1)r + 1 then the operator
A (k) (supp(z)ur) € S (k) is a Clifford stabilizer, so the only terms on the right hand side of Eq. (5.8)
that act non-trivially on QRM,,(q,r) are those with |x| + |K| < (k + 1)r. The claim that each
supp(z) U K € Qy, holds by further using the lower bound on | K.

Now consider the left-hand side of Eq. (5.8). The term corresponding to 0™ C x* is precisely
Z (k)z=+(Kys it turns out that the assumption K € Q) is sufficient to guarantee that every other term
is a logical identity. Indeed, |supp(z) U K| = |z| 4+ | K| and K € Q, imply that each such term acts
on a subcube with dimension |supp(z) U K| > |z| + g + kr + 1. For all |z| > 1, this bound can be
improved to |z|+¢q+kr+1 > (k—|z|+1)r+1, which by Theorem 4.2.3 is precisely the condition for
k—lz|)

7 (k —|2])e*—o+ (supp(z)uk) € S ( . Thus, only the 0™ term is non-identity and thus, (5.8) translates

into (5.7). ]

5.2.2 Standard subcube logic

We are ready to implement the sequence of steps listed prior to Section 5.2.1. Our ultimate goal will
be to show that Z (k—1)p = CFE)~s Z, so we will give a name to the elements of the collection
F(K)~yfor J € Q. We say each J' € F(K)., is a partial minimal cover for K relative to J; they
are precisely the collections of logical qubit indices for which 7'U{J} is a minimal cover for K. Note

that the logical multi-controlled-Z circuit defined via partial minimal covers, C7(5)~7 Z, necessarily
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acts as logical identity on the .J-th logical qubit.

We will use the following subset of generators, which depends on a fixed logical qubit J € Q:

Definition 5.2.6 (Dense subsets). Let K € Qy, K O J be the index of a k-th level logical operator

and let K’ C K be an arbitrary subset of /K. The set K is said to be dense in K relative to .J if
1. K’is anindex of a (k — 1)-st level logical operator, K’ € Qy_, and
2. the union of K’ and Jisallof K, K = K' U J.

The collection of all dense subsets K’ C K is denoted by D, (K):

DyK)={K'CK|K € Qy_1, K=K UJ}.

The following characterization of dense subsets will be more useful:

Lemma 5.2.7. The collection D;(K) can alternatively be defined as:

Dy(K)={K'CK|K' € Qy_1, K'=IU(K\J)forsomel C J}. (5.9)

Proof. (C) Suppose K’ satisfies Definition 5.2.6. For I .= K'NJ C J we have K/ =T U (K \ J).

(2) Suppose K’ satisfies Eq. (5.9). Clearly K'UJ =1TU (K \ J)UJ = K. O

(Step I: Conjugating logical Pauli operators) Our first task is to understand how Z (k)(x) conju-
gates the logical Pauli operators of QQ RM,, (g, 7). For this, we will need the decomposition result of

Theorem 5.2.5. As usual, we assume ¢ < r as otherwise (QRM,,,(q, ) encodes no logic.

Claim 5.2.8. Take J € Q and K € Q, k > 1. Consider the operator Z(k)gg acting on QRM,,,(q, 7).
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1. Z (k)(xy commutes with every logical Z operator.

2. Up to Clifford stabilizers, Z (k) (k) conjugates a logical X ; operator as

X, ifJ ¢ K,

(HK’GDJ(K) Z(k — 1)(K/>> X, otherwise.

Proof. The first assertion is trivial, so we only prove the second.
As e is the minimum Hamming weight element of e ;+ (S \ .J), clearly (K)N(e;+ (S \ J)) # 0
ifand only if e; € (K). Thus, J € K is precisely the case that Z (k) (xy and X ; have disjoint supports

and therefore commute. For the rest of the proof, suppose that J C K, so

(K)yn(es +(S\J)) =e;+(KN(S\J)),

= ey +(K\J),

and further, e is the minimum-weight element of e; + (K \ J).

We now apply Theorem 4.2.3 to both K and J to bound

dim(e; + (K'\ J)) = [K| = |J],
>q+kr+1—|J|,
>q+kr+1—r,

=q+(k—1r+1.

Since k > 1, also dim(e; + (K \ J)) > 1 and ZU{)(K)YJZUC)ZK) is phase-free by Lemma 4.2.7. By
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definition, this means

Z(0) a0 X s Z(R) ) = (Z(k = Deyrizenny) X (5.10)

We would like to use Theorem 5.2.5 on the operator Z (k — 1), 4(k\ ), but doing so requires K \ J €
Qr_1. This containment relies on the dimension bounds of Eq. (5.1), and the lower bound has been

established above. Unfortunately, the upper bound | K \ J| < kr may fail, so we will proceed in cases:

Case L. (K \ J| < kr) In this case we have established K \ J € Qy_1, so we apply Theorem 5.2.5 to

rewrite Z (k — 1), 1(x\Jy as a product of standard subcube operators:

WX 2= TI 20~ Dipmrmen ) X,

xCey: |z|+|K\J|<kr

H Z(k — 1)(IU(K\J)>>YJ7 (5.11)

ICJ: |I|+|K|—|J|<kr

where in the last equality we’ve utilized supp(e;) = J and J C K, and let [ := supp(x) C J.
Theorem 5.2.5 also guarantees that each I U (K \ J) € Qj_;. The statement of the claim now
holds by Lemma 5.2.7, which says that the sets appearing in the product in Eq. (5.11) correspond

precisely to the collection of dense subsets of K relative to .J, D;(K).

Case IL (K \ J| > kr + 1). Returning to Eq. (5.10), we examine the operator Z(k — D)e,yt(k\J)-

Given the assumed lower bound on | K \ J|, Theorem 4.2.3 implies that Z (k — De,+re\gy € SE D s

a Clifford stabilizer. Fortunately, the lower bound on |K \ J| guarantees that D;(K) = () is empty, so
the operator [ [, D, (K) Z (k — 1)k = I acts as identity, as well. To see this, suppose there is some

K' € D;(K). Using the definition of dense subsets given in Definition 5.2.6, we see
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1. K" € Qy_4, implying |K'| < kr, and

2. K = K'U J, further implying | K| < kr + |J|.

We have J C K (otherwise Z (k)(xy and X ; commute), so the case we are in implies |K| — |J| =
|K'\ J| > kr + 1. Combining this with the upper bound we obtained for |K| we must have that

kr + |J| — |J| > kr + 1, which is clearly a contradiction. Thus D;(K) = () and the claim holds. [J

(Step II: Composition of multi-controlled-Z circuits) For a fixed logical qubit index, J € Q, and a
fixed k-th level operator index, K € Q, our next goal is to relate the collection of partial minimal
covers of K to the collection of dense subsets of K. The culmination of this effort will be the following

result on the composition of logical multi-controlled-Z circuits defined using these collections:

Claim 5.2.9. Let J € Q and K € Q,, with J C K. Then

7~z = [ 7z (5.12)

K'eDy(K)

That is, given a dense set K’ € D;(K), we can consider the collection of sets of logical qubits
that it defines via its own collection of minimal covers, F(K”). Claim 5.2.9 says that the composition
of the multi-controlled-Z circuits defined by the minimal covers of all dense subsets of K is precisely
the multi-controlled-Z circuit defined by the collection of partial minimal covers of K.

Claim 5.2.9 follows from the next two lemmas. First, we note that by definition, no set of logical

qubits can be a minimal cover for two different Ky, Ky € Qy:

Lemma 5.2.10. Let K1, Ky C S be disjoint subsets of generators, K| # Ks. The intersection of the

collections of their minimal covers is empty, F (K1) N F(Ky) = 0.
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This is true simply because a minimal cover covers the subset exactly, so K; # K» is not
possible.
Next, we show that the collection of partial minimal covers of K is given by the union of all

minimal covers of dense subsets of K.
Lemma 5.2.11. Let J € Qand K € Qp with J C K. Then Uyep, 5y F(K') = F(K)~.

Proof. (C) Take J' € F(K') for some K’ € D,;(K). By definition, J' € F(K)., if and only if

J' U{J} is a minimal cover for K. We verify the two conditions for 7' to be a minimal cover:

1. J"U{J} is a cover for K: We have assumed that 7' is a cover for K’ and that K" dense in K

relative to J. Thus, by definition, (UJ,EJ, J’) uJ=KUJ=K.

2. |J"U{J}| = k+1: First, note that J ¢ J; otherwise K’ = K, which cannot happen as K’ € Q. 1,
K € Qp,and Q,_1 N Q; = 0. So, |[J'U{J} = |T'| + 1. Now, since [J' is a minimal cover for

K' € Qi1 weknow that | 7| = (k—1)+1=k,so |J U{J} =k +1.

(2) Take J' € F(K)~, and define K’ == J ., J'. We will show (1) J" is a minimal cover
for K’ and (2) K’ is an almost-covering set for K, which together imply the desired result. We will
first show that K’ € Q_;.

Note that as J' € F(K).,, by assumption we know that J U K’ = K and that | J'| = k. As

any set in Q has at most r elements (Definition 5.1.4), we can upper bound

K< Y1,

JeJ’

< kr

<((k—=1)+1)r+1.
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As K' D (JUK')\ J = K\ J, so we can lower bound

|K'| > | K| —]J],
(K € Q) >q+kr+1—1J|

(J € 9Q) >q+ (k—1)r+1.

The given bounds on | K| are precisely the conditions for K’ € Qy_1, cf. Eq. (5.1).
By definition, [J' is a cover of K, and since |J'| = k = (k — 1) + 1 we have that 7' is a
minimal cover for K’. Further, since K’ UJ = K and K’ € Q,_;, K’ satisfies the condition for an

almost-covering of K. Thus J' € F(K') for some K’ € D,;(K). O
Now we have everything to prove the desired decomposition result:

Proof of Claim 5.2.9. Consider [] K'eD,(K) C7(K) 7. By Lemma 5.2.10 we are guaranteed that no
CNHZ for Jy € F(K;) can cancel with a C72Z for J, € F(K3), Ky # K; for K1, Ky € D;(K).

Thus

[[ owz- [ [ o7z

K'eDy(K) K'eD;(K) J'€F(K')
(Lemma 5.2.10) = H cI'Z,
jIEUK’E’DJ(K) F(K)
(Lemma 5.2.11) = H c7'z O
J'eF(K)ny

(Step III: Implemented logic) We are now prepared to describe the logic performed by standard

subcube operators using Claims 5.2.8 and 5.2.9.
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Theorem 5.2.1. For every K € Q,, Z (k) (k) implements the logical multi-controlled-Z circuit corre-

sponding to the collection of minimal covers of K:

Z(k) ey = CFEIZ,

Proof. Induction on k. If k = 0 then F(K) = {{K}} and Z(0)x, = Zx = CUENZ, 50 the result
holds in the base case. Suppose now that the result holds for all K’ € Q,, and choose K € Q1. We
seek to show that Z (k) (k) and CF (K) Z conjugate logical Pauli operators in the same way.

Consider J € Q. By Claim 5.2.8, Z(k)gq commutes with Z ; and maps

X, iftJ < K,

(HK’EDJ(K) Z(k — 1)(K’>) X, otherwise.

By Lemma 2.3.9, C*(¥) Z commutes with Z ; and maps

(CTEIZ)X ;(CTIZ) = (CTE)~1Z) X .

We proceed in cases:
Casel. (J £ K) F(K).; = 0 in this case, as any union J U (.. J') for 7' C Q is guaranteed to
contain an element outside of K. Thus Z (k) (xy and CF(5) Z each commute with both Z; and X .

Case II. (J C K) In this case,

Z(k) w0y X1 Z (k) ey = ( 1 Z- 1)<K,>>X,. (5.13)

K'eDy(K)
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By definition of D;(K), each subcube, (K'), appearing in the product on the right-hand side of

Eq. (5.13) satisfies K’ € Q;,_1, so we can use the induction hypothesis to compute

=( [I "™2)%,,

K'eD;(K)

which by Claim 5.2.9 equals
= (CFR-12)X .

As CFK)Z and Z (k) (k) conjugate the logical Pauli operators of Q) RM,,(q,r) in the same way,

by definition they are equivalent logical operators for the code. 0

5.2.3 Arbitrary subcubes

Consider an arbitrary subcube A = = + (K) C Z', where K C S is the type of A. Theorem 4.2.3
tells us that the operator Z (k) will be a logical operator for QRM,,(q,r) if and only if K € Q.
Given the decomposition of Z (k) into standard subcube operators (Theorem 5.2.5) as well as the
description of logical multi-controlled-Z circuits implemented by these operators (Theorem 5.2.1), it
may be natural to wonder if interesting logical circuits can be constructed via Z (k)a. As as example,
it is straightforward to verify from Theorem 5.2.1 and the definition of minimal covers that every
Z (k)(x) implements a circuit containing more than one logical gate’. Can Z (k)4 implement single
multi-controlled-Z gates when A is no longer a standard subcube? Or perhaps more generally, can

some product of Z (k) (k) operators implement a single multi-controlled-Z gate?

Unfortunately, the standard subcube operators are, in some sense, the fundamental logical multi-

3Other than the case of QRM,,(0, 1), which corresponds to the well-known family of hypercube codes.
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controlled-Z circuits that can be implemented on QRM,,,(q,r). By this, we mean that the logical
circuit defined by a product, Z (k1) k1) Z (k2) (k,)» can never have cancellations of logical gates. More

formally:

Theorem 5.2.12. Let {k, ..., ki} be a set of non-negative integers, and suppose {Ki}iem is a collec-

tion of (distinct) subsets K; C S, such that K; € Qy, for every i € [{]. Then

12k =C72,

1€[f]

where

F = {j cQ ‘ J is a minimal cover for some Ki}

is simply the union of all collections of minimal covers of the K; sets.

Proof. A direct application of Theorem 5.2.1 implies that

HZ =] H CcIZ. (5.14)

i€[f] €[] TeF(K,

The result will hold by proving that any C'7 Z in the right-hand side of Eq. (5.14) can only appear once.
Itis trivial that for a particular i € [(], C'7 Z can only appear once in the product [ | 7 z x,) C7 Z. The
operator C'7 Z can also only appear for a single i € [(], as otherwise the cover property of J would

imply that K; = |, ; J = K, but we have assumed that K; sets are all distinct. 0

In conclusion, while the operator 7 (l{:)x+< k) 1s non-trivial whenever K € Oy, Theorem 5.2.12

implies that the circuit it defines necessarily contains more gates than Z (k) (k)
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5.3 Unsigned Subcube Operator Logic

We now consider subcube operators Z (k) x, whose individual gates are never inverted. We will see
that in many practical cases, these operators are logically equivalent to their signed counterparts. For
instance, whenever ¢ > 0, we will show that Z (k) ) = Z (k)(x). We begin with a general decompo-
sition result relating unsigned and signed subcube operators. This result is independent of the choice

of quantum RM code.
Lemma 5.3.1. For any standard subcube (K) T 73" and any k € Zo, we have

|K]|

=11 II Ze-qxi-" (5.15)

1=0 JCK: |J|=t

Proof. Recall that the physical qubits are indexed by elements of ZI', and consider the operator on
the right hand side of (5.15). We will prove the lemma by showing that this operator acts as Z(k) on
any x € (K) and identity otherwise, precisely the definition of Z(k) k). Let € Z3' index a physical
qubit. We proceed in cases.

Case L. (z ¢ (K)) Every operator in (5.15) acts on a subcube (.J) for which J C K. Clearly x ¢ (J)
for any J C K, so the x qubit is always acted on by identity.

Case IL. (z € (K)) In this case supp(z) C K. For each ¢ € {0,...,|K|} define a collection KC; C
P(K) via

Ki={JCK|JDsupp(z), |J| =1}

The x-th qubit is therefore acted on by the operator

K| K|

yi=lzl 1K I=i(—1yi-lel |k,
H H Z(k— (K| —)" Kl — H H Z (k)2 0TI
i=0 JCK: |J]|=i i=0 JCK : |J|=i
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where we recall that Z(k — () = Z(k)? for all £ > 0. The extra factor of |z| in the exponent of (—1)
appears since we are considering a product of signed subcube operators, so the parity of the Hamming
weight of x determines whether or not the operator should be inverted.

This expression is a product of only Z(k) operators, so we can move the products into the

exponent of Z (k) to find that the z-th qubsit is acted on by Z(k)f(®), where f(x) is defined as

K|

flz) = 2F (1)K,

1=0

With this notation, our goal is to prove that f(z) = 1 given x € (K'). We now consider the collections
IC;, which depend implicitly on the given z.

If i < |x| then |KC;| = 0. Consider now ¢ > |z|. We seek to determine the number of i-
subsets J for which supp(xz) € J C K. Since J must contain all of supp(z), we must pick i — |z|
additional elements from the set K \ supp(z) to complete a set J € K;. The size of this set is

| K\ supp(z)| = |K| — |«

,s0 |G| = ('If:w‘f |). With this, we compute:

K|
xr) = —_1)i—l=l |K|_|x‘ |K|—i
=2 ()
K|~z
= _1y (= 1 pasciopan
;( 1)( ; )2
=(2— 1)IK|—|93|7
= 1. -

We now specialize Lemma 5.3.1 to the case of a chosen quantum RM code QRM,,(q, ) with

0<g<r<m.
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Theorem 5.3.2. Consider the code QRM,,(q,r) and let K € Qi for k € Z>. The logic implemented

by Z(k) k) can be deduced from the logic of signed subcube operators. In particular,

k
2k =] ( Z(k — j)<J>>. (5.16)

Proof. Since Z(k — ¢) = I for any ¢ > k + 1, the product on the right-hand side of Eq. (5.15) is only

non-trivial when i > |K| — k, so

|K]|

ZwWay = [I  TI 2k-(K1-iG,

i=|K|—k JCK: |J|=i
i 1K |—j
~ N
ST 2w

J=0 JCK: |J|=|K|~j

This expression is identical to the claim except for the inversions whenever | K| — j is odd. Note that

we can lower bound each |.J|,

|J| = [K| - j,
(K € 9p) >q+kr+1—7,

(r>1 >q+ (k—j)r+1,

so Theorem 4.2.3 implies that Z(k — i)y € N3 Corollary 4.2.10 now guarantees that each

Z (k — 7). is logically equivalent to its Hermitian, completing the proof. [

In many cases, the operators Z (k — j)(s) appearing in Eq. (5.16) are stabilizers of QRM,,(q, )
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and not non-trivial logical operators. Recall that the collections Q. are defined (5.1) via:

Qe ={KCS|q+hkr+1<|K|<(k+1)r}.

The subsets {¢+kr+1,...,(k+1)r} C N defining the Q) are disjoint, and if ¢ = 0, they also form a
partition of N. They each contain  — ¢ numbers, and any adjacent subsets {¢+ (k — 1)r +1,..., kr}
and {¢+ kr+1,...,(k + 1)r} are separated by ¢ numbers.

Each time the index j increases in Eq. (5.16), we decrease the level of the Clifford hierarchy of
operators by one while only decreasing the dimension of the subcubes they act on by one. One simple
consequence of this is that if ¢ > 1, then only the j = 0 term can act non-trivially on Q RM,,(q, r). For
example, if J = K\ {i} then |J|is too large for J to be in Qy_1, and, in particular, its dimension is large
enough to imply that Z (k=1 €S (k=1) by Theorem 4.2.3. In the next few results, we enumerate
all possibilities for the logic implemented by Z (k) k) € N (¥) in terms of the logic implemented by

the signed operators.

Theorem 5.3.3 (Conditions when Z (k) k) = Z(l{:)g{)). Consider QRM,,(q,r) and let K € Qy. The

following are true:
1. If g > 1 then Z(k) sy = Z(k) k). (Fig. 5.3a)
2. If|K| > q+ kr+ 2 then Z(k) iy = Z (k) k- (Fig. 5.3b)

Proof. Consider an operator Z (k — )y |J] = |K| — j, in the decomposition of Z(k) k) given in
Eq. (5.16). The assertions will hold if for each j > 1, Z(k —J)wy € S =3), By Theorem 4.2.3, it is

sufficient to show |J| > (k — j + 1)r + 1 in both cases.
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Asr > q >0, forall j > 1 we have the inequality (j — 1)r > j — 1, which can be rewritten as

kr+2—j5>(k—-j7+1r+1.

In both cases in the statement, |/| is larger than the term on the left-hand side:
I.Ifg>1then|J|>q+kr+1—35>kr+2—j.
2. Since ¢ > 0,if |K| > q + kr + 2 then, once again, |J| > g+ kr+2—j > kr+2—j.

Thus, j > 1 implies that |.J| > (k — j + 1)r 4 1, which by Theorem 4.2.3 forces Z(k — j),y € S*~7).

So Z(k) k) = Z(/f)(m, as desired. O

Theorems 4.2.3 and 5.3.3 imply that, in order for Z (k)4 and Z(k)4 to perform different (non-

trivial) actions on QRM,,,(q, ), it is necessary that ¢ = 0 and |K| = kr + 1.

Lemma 5.3.4 (Fig. 5.3c). Consider QRM,,(0,r) and suppose that K C S satisfies |K| = kr + 1 for

k € Zso. If r > 2 then

Z(k) ey = CTHROZ - [ 7N Z.

ieK

Proof. When r > 2, inequality (j — 1)r > j holds for all j > 2, and with rearranging, is equivalent to
kr+1—j>(k—-j+1)r+1
for all 7 > 2. Thus, for each g(k — 7)(s) in the decomposition of Z (k) k) in Eq. (5.16) with j > 2, we

have that |.J| = kr+1—j > (k—j+1)r+1. By Theorem 4.2.3 this implies that Z (k — j),y € S,
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and so

Zk) ) = Z(k) ey [ Z(k—1) .

JCK: |J|=kr
Since every J considered here satisfies |.J| > (k — 1)r + 1, we conclude that J € Qj_;. The desired

result then holds by Theorem 5.2.1. [
It remains to consider the cases of ¢ = 0, 1.

Lemma 5.3.5 (Fig. 5.3d). Consider the hypercube code family, QRM,,(0,1). For each K C S,

Proof. By Eq. (5.16),

Z(K| =V = [ 2071 = Dy.
JCK\O

As |J| = (|J]| = 1) + 1 we have that J € Q)_1, so by Theorem 4.2.3 it must be that Z(|J| - )y €
EWI=1) | The result holds by Theorem 5.2.1 and by definition of the composition of multi-controlled-~Z

circuits. ]
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(a) (Theorem 5.3.3.1) Decomposition of
Z(2)(xy where |K'| = 5, acting on Q RM;(1,2).
Since ¢ > 1, the dimensions that admit logical
operators do not partition N. As a result, every
operator Z(k — 7).y, with j > 1 necessarily
has size larger than the bounds for its given
logical index set Qj_;. That is, other than the
Z (k) (x operator, every signed operator in the
decomposition acts trivially on the code.

dimA: O 1 2 3 4 5 6

(c) (Lemma 5.3.4) Decomposition of Z(2) k)
where |K| = 5, acting on QRMs(0,2). Since
g = 0, every dimension does admit a logical op-
erator. As |K| = 5 is the lowest size for a set
in Q,, reducing the dimension/level of the CH
by one remains a logical operation. However, as
r > 2 every operator Z(k — j)(s with j > 2
necessarily acts trivially on the code.

(b) (Theorem 5.3.3.2) Decomposition of
Z(2)(xy where | K'| = 6, acting on QRM;(0, 2).
As |K| = 5 is not the lowest size for a set in Qo,
reducing the dimension/level of the CH by one
immediately implies that an operator is trivial.
This case can only happen when » — ¢ > 2, but
is independent of the choice of q.

(d) (Lemma 5.3.5) Decomposition of Z(5) k)
where |K| = 4, acting on the hypercube code
QRMs(0,1). Each time the dimension/level of
the CH is reduced by one, the operator in the
decomposition remains a logical operator for the
code.

Figure 5.3: For K € Q, the unsigned subcube operator Z (k)(xy can be decomposed as a product of
signed subcube operators Z(k — )y (J € K with [J] = |K]| — j) via Eq. (5.16). In the above figures,
a dark box indicates a dimension where the subcube operator of the given level of the Clifford Hierarchy
acts as a logical operator, a light box indicates a dimension where the operator acts trivially, and a white box
indicates that the operator does not preserve the code space. In each of them, we consider the decomposition
of an unsigned operator (specified in the subcaption) into a product of signed operators, represented by red

dots.



5.4 Examples

We now explore some of the structures in the logical circuits we have defined for quantum RM codes.
While the language of minimal covers is essentially the simplest general description of the logic im-
plemented by subcube operators, the logic for the [[2™, m, 2]] hypercube codes and the more general
[[2m, (), 2mintm=r]) QRM,,(r — 1,7) codes can be phrased in a simpler way; we detail this in
Sections 5.4.1 and 5.4.2, respectively.

Below we rely on the notation introduced before Definition 1.1.2. Additionally, as the logical
qubits of a quantum RM code are indexed by subsets of S, we find the notation “J = {1, 3,5}” more

intuitive than the proper notation J = {ey, e3, e5}. In this way, the standard cube (1, 3, 5) is the set of

length-m bit strings that are supported on the subset {1, 3,5} of the coordinates.

54.1 QRM,,(0,1)

As a simple example, we first consider the hypercube code family, Q RM,, (0, 1). In this case, the

logical qubit set Q is defined as Q = {{z}

1e S } ,1.e., all single-element subsets of .S. To simplify
notation, we will denote these sets as 7 := {i}, so that the i-th logical qubit of Q RM,,(0, 1) is given by
the index i. Similarly, the k-th level logical index sets are defined by Qj, := {K cs ‘ |K|=Fk+ 1} ,
i.e., all (k + 1)-element subsets of S. Thus, by definition every subset of S is in Qy for some k €
Z>o, and so by Theorem 4.2.3 every signed and unsigned standard subcube (K), K C S, gives rise
to a logical operator in the (|K| — 1)-th level of the Clifford hierarchy. See Fig. 5.4 for a visual
representation of this fact.

Recall that by Theorem 5.2.1, for K € Qy, the operator Z (k)(xy implements the logical multi-

controlled-Z circuit corresponding to the collection of minimal covers of K. Given K € Q;, we
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Figure 5.4: Consider the hypercube code family Q RM,,,(0,1). In the above figure, the shade of a given
box indicates how the given operator for the given dimension will act on the code space:

(1) A dark box indicates logic,

(2) A light box indicates a logical identity, and

(3) A white box indicates the code space is not preserved.

proceed to compute this set F(K).

By definition, a subset of qubits J C Q is a minimal cover for K if: (1) U;e jf = K, and (2)
|| = k + 1. As each logical qubit 7 is a single-element subset, the only collection of logical qubits
whose union is all of K is precisely the set = {E ‘ 1e K } Thus, we see there is only a single
minimal cover for K and that 7 (K) = {K}.

Using Theorem 5.2.1 we can succinctly detail the logical circuit given by Z (| K| — 1) (ky:

Logical Circuit 5.4.1. Let K C S be any subset of & + 1 generators. Denote the (k + 1)-element
collection of logical qubits K := {E ‘ 1e K } For a hypercube code, the signed Z (k) operator applied

to the physical qubits in (K') implements a single (k + 1)-qubit multi-controlled-Z operator on the

logical qubits in K: Z(k)gQ =CkZ.

Remark 5.4.2. One may be tempted to use the sets K and K interchangeably as they have the same size
and each element of C is defined using an element of /. We reiterate that logical qubits are necessarily
subsets of generators, themselves. There is essentially no difference in the case of hypercube codes
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as the logical qubits are single-element subsets, but for other choices of ¢ and r this distinction is

important.
Lemma 5.3.5 gives us the logical circuit of any unsigned operator on a standard subcube.
Logical Circuit 5.4.3. Let X C S be any subset of k£ + 1 generators and let = {5 lie K } For

a hypercube code, the transversal Z(k) operator applied to the physical qubits in (K’) implements a

multi-controlled-Z gate to every possible subset of qubits in K: Z (k) (x) = [[;c CV Z.

Using Theorem 4.2.3 (or alternatively, Corollary 4.2.10), subcube operators in lower levels of

the Clifford hierarchy other than those above are necessarily trivial:

Fact 5.4.4. Let K C S be any subset of k + 1 generators. The signed and unsigned Z(j) operators

applied to the physical qubits in (K') are both stabilizers of the hypercube code for every j < k:

Lastly, Theorems 4.2.3 and 5.2.5 imply the following result for arbitrary subcube operators:

Logical Circuit 5.4.5. Signed and unsigned subcube operators of the same type necessarily implement
the same logical circuits. That is, for any subset X' C S of (k + 1)-generators, any = € Z', and K as

defined above, the following hold for a hypercube code,
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542 QRM,(r—1,r)

Perhaps the most natural generalization of the hypercube code is the family of quantum RM codes
given by QRM,,,(r — 1,7). Some subcube operators for these codes have been considered in earlier
works. In particular, [RCNP20, HLC22b, HLLC22a] gave descriptions of global transversal operators
on QRM,,(r — 1,7). In addition, [RCNP20] gave sufficiency for the Z (k)4 operator when A = Z’
is the entire hypercube, and described the logical circuit that it implements*. Necessity in the global
case was proved in [HLC22a]. Here we detail the implemented logical circuits for arbitrary Z(k)
operators when K € Q.

The logical qubits of QRM,,(r — 1,r) are indexed by the set Q == {J C S | |J| =1}, ie., all
r-sized subsets of generators. The first convenient fact about Q RM,,(r — 1,r) codes is that the X
logical operators can be given by standard subcube operators, rather than subcube operators that have

been shifted away from the 0" vertex.
Fact 5.4.6. For QRM,,(r — 1,7), X(s\sy = Xup(s\) for every x € 7.

Thus, for QRM,,(r —1,7) the sets {Zyy | |J| = r} and {Xjy | |J| = m—r} form a symplectic
basis for the space of logical Pauli operators of Q RM,,(r — 1,r).

Similarly to how the logical qubit index sets are defined by subsets of S with a particular size,
the k-th level logical index sets are also highly restricted: Q, = {K C S| |K| = (k+ 1)r}. Thus,
for increasing values of r there are more and more dimensions that do not support logical subcube

operators. Theorem 4.2.3 for Q RM,,,(r — 1,7) can now be stated as:

“We denote the Pauli operators as the 0-th level of the Clifford hierarchy, whereas [RCNP20] uses the 1-st level of the
Clifford hierarchy to represent the Paulis. Thus, Theorem 19 in [RCNP20] states that the condition r | m implies that
Z(% — 1) is a logical operator for the code.
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Fact 5.4.7. Consider the quantum RM code Q RM,,(r — 1,7) and let A C Z' be any subcube. The

operators Z(k)  and Z (k) 4 are logical operators if and only if dim A = (k + 1)r.

As in the case of hypercube codes, we will determine the collection of minimal covers for a set
K € Q. By definition, a subset of qubits J C Q is a minimal cover for K if: (1) Ujej J =K,
and (2) |J| = k + 1. As each logical qubit index J € Q contains precisely r elements, and we seek a
collection of k + 1 logical qubit indices whose union contains precisely (k + 1)r elements, we see that
J is necessarily a (pairwise disjoint) partition of K into subsets of size . Given a set K of (k + 1)r
elements, a collection of subsets of K, J C Z(K), is said to be an r-partition of K, denoted by
J e K, if (1) every J € J has size |J| = r, and (2) J is a cover of K. Note that for | K| = (k+ 1)r,
these two conditions are enough to guarantee that the sets in J , K are disjoint. Ultimately, the
minimal covers for K € Q are given by F(K) = {J | J . K}, which is equal to the previous
definition for hypercube codes when r» = 1.

We already considered the case of » = 1 in the previous section. For the remainder of this

section, we suppose that » > 2. This assumption affords us the following via Theorem 5.3.3:

Fact 5.4.8. Consider QRM,,,(r — 1,7), where r > 2. For every K € Qj, the signed and unsigned

Z (k) operators applied to (/) perform the same logical circuit, Z (k) xy = Z(k) (k).
Given that we have already determined F(K'), we now have the following:

Logical Circuit 5.4.9. For the code QRM,,(r — 1,7), r > 2, and K C S with |K| = (k + 1)r,
the transversal Z (k) operator applied to the physical qubits in (K') implements (k + 1)-qubit multi-

controlled-Z gates to every subset of logical qubits whose index sets partition K :

T K
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For the case of A = Z7', this was previously proved in [RCNP20] (phrased in the language of
phase polynomials).

Lastly, we note that in QRM,,,(r — 1,7) codes, we can use any subcube of a particular type to
implement the desired logical circuit. That is, Theorems 4.2.3 and 5.2.5 imply the following result for

arbitrary subcube operators:

Logical Circuit 5.4.10. Subcube operators of the same type necessarily implement the same logical

circuits. That is, for any subset K € Qj and any x € Z7', the following holds for QRM,,(r — 1, 1),

Z(k)x+<K> = Z(/{)<K>.

Example circuits: Fig. 5.5 demonstrates example logical circuits produced via signed subcube
operators, which are non-trivial to describe without the “minimal cover” terminology. Fig. 5.5(a) and
Fig. 5.5(b) demonstrate that applying a signed subcube of different dimensions affects completely
different logic. We also observe that Fig. 5.5(a),(c) affect the same logical circuit, despite the fact that

the QRM codes have a different m parameter.

113



—~
S
~—
—~
(=
~—

1={1} T={L2}
7=1{2) 7 ={1.3}
3={3 3={L4}
1={14 1=1{1,5}
5={5} 5= {1,6}
§:{1/2} 52{273}
12{1,3} 12{274}
§o s s
10 = {2,3} 10 = {34}
11 = {2,4} 11 = {3,5}
12 = {2,5} 12 = {3,6}
B3 ={3,4) 13 = {45}
= {3,5} 4 = {4,6}
15 = {4,5} 15 = {5,6}
() (d)
=11 T={l)
2=12) R
3= {3} 3=f3)
1={4 L= {4} oo
R oo
7=11,2) 7=1{12)
H H
E:{IZE)} E;{lzaﬁ}
T ={1,6} -ttt ] H ] 11 ={1,6}
12 = {2,3) 12 = {2,3}
3 ={2,4} T3 ={2,4}
16:%3:4% 16 = {3.4)
17 =43,5 17 =43,5
B=1{3,6] e T o gzﬁs,ﬁ{
19 = {4,5} 19 = {4,5}
@ = {46} 77777777777777777777777777777777777 @ = {46}
2 = {5,6) 21 = {5,6}

Figure 5.5: (a) Global signed T applied to QRMj5(0,2). (b) Global signed T applied to Q RMg(1,2). (c)
Signed T operator applied to the (1,2, 3,4, 5) subcube of QRMjg(0,2). Note that 6 qubits are unaffected
(dotted lines) and that the circuit is identical to the one given in (a) on the remaining qubits. (d) Global signed
T applied to QRM;g(0, 2). Note that 6 qubits are unaffected (dotted lines) and that the circuit is identical to
the one given in (b) on the remaining qubits.
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Chapter 6: Conclusion and Future Directions

In this dissertation, we introduced both classical and quantum Coxeter codes, new classes of error-
correcting codes inspired by the combinatorial and geometric structure of Coxeter groups. We built
these code by first framing Reed—Muller codes in terms of the Boolean hypercube, where the under-
lying Coxeter system is Z3' generated by weight-1 bit strings. In doing so, we have established a
common language connecting algebraic coding theory, quantum error correction, and the combinato-
rial theory of Coxeter groups.

On the classical side, we defined Coxeter codes for any finite Coxeter system and showed that
many of the hallmark structural properties of RM codes persist in this general setting. In particular,
we established their hierarchical and multiplicative structure, constructed an explicit basis, established
asymptotic normality of their rates, and proved an exponential lower bound on the distance of Coxeter
codes. These results demonstrate that several essential algebraic features responsible for the good
properties of RM codes can be understood in the much more general context of reflection groups.

On the quantum side, we extended the geometric and algebraic ideas underlying quantum RM
codes to a broader class of quantum Coxeter codes. Our framework provides a new viewpoint from
which we constructed natural logical operators in increasing levels of the Clifford hierarchy, that arise
from the transversal application of certain diagonal gates. In the specific example of quantum RM

codes we have fully characterized the logical multi-controlled-Z circuits that are affected by these
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operators.
We now detail several questions raised throughout this work, separating directions based on

whether they pertain to either the classical or quantum versions of the codes.

6.1 Classical

6.1.1 Distance proof

An obvious open direction of our work is Conjecture 3.2.3 on the distance of a Coxeter code. In
Theorem 3.2.4 we proved that the distance of the order-r code of any rank-m Coxeter system is >
2™=", To do so, we fixed a value of r and argued by induction on m > r, showing that for any non-
trivial codeword in a rank m + 1 code, there are at least two disjoint rank-m standard cosets on which
the codeword is supported. One route toward proving the distance conjecture is by determining a more
precise lower bound on the number, ¢, of disjoint rank-m standard cosets supporting the codeword. If,
for instance, ¢ satisfies

min [{(J)] =¢- min  [(J)],
|J|=m—r |J|=m—r—1

then Conjecture 3.2.3 would hold by induction.

6.1.2 Further combinatorial properties

We have introduced a broad family of binary codes that generalizes the classic Reed—Muller family
and shares several of its key features. It is natural to wonder what other properties of RM codes are
shared with the Coxeter code family beyond our conjectured value of the distance. For instance, what

is the equivalent notion of a projective RM code for Coxeter codes? The codewords of minimum
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weight in RM codes are given by flats in the affine geometry; is there a geometric characterization
of the minimum weight codewords for arbitrary Coxeter codes, and what kind of geometry could be
involved?

Another line of thought is related to further combinatorial properties of Coxeter complexes,
involving residues and f-vectors [Pet15]. We had initially phrased some of our definitions and proofs
to involve these concepts before arriving at simpler arguments given here. At the same time, they may

still find uses in uncovering further interesting properties of Coxeter codes and related code families.

6.1.3 Local testability.

RM codes are known to have the local testability property [AKK™05]: simply check the parity of a
random dual codeword of minimum weight. Supposing that their minimum weight codewords can be
characterized, does the analogous local tester work for Coxeter codes? Coxeter codes are also related
to codes on simplicial complexes, some of which have led to constructions of LTCs (for instance,
the codes of [DLZ23]). In particular, the poset of all standard cosets of (W, S), ordered by reverse
inclusion, forms a simplicial complex known as the Coxeter complex. By placing bits on the simplices
of the highest dimension, the order-r Coxeter code has parity checks given by (m — r — 2)-simplices.
Is there a unifying framework connecting the local testability of such simplicial codes to that of RM

codes?

6.1.4 Achieving capacity and automorphisms.

Switching to a probabilistic view, one could also study the capacity-achieving properties of Coxeter

codes, extending the results for RM codes [KKM™15], [RP23], [AS23]. For the binary erasure chan-
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nel, it suffices to exhibit a doubly transitive action by the automorphism group of the code [KKM™15],
and while the group I naturally acts on the code space (Theorem 1.2.6), this action is only singly
transitive. The automorphism group of an RM code (supposing » ¢ {—1,0,m — 1,m}) is given by
the affine group Aut(RM (r,m)) = Z5 »x GL(m,2), far larger than simply ZJ'. Is there a suitable
generalization of the affine group that captures the automorphisms of a Coxeter code?

By computer, we found that |Aut(C4,(1))] = 196608 = 3 - 21°. This group is formed as a semi-
direct product of the automorphisms of the Cayley graph of A3 (given by A3 x Al) together with the
group generated by symmetries swapping each of the 12 pairs of opposite (same-color) edges in the 6
squares of the graph; see Fig. 1.1. This group acts transitively on the set of coordinates, but (again by
computer) is not doubly transitive. Uncovering the structure of the group Aut(Cy, (1)) for arbitrary
m, T is an interesting question, which appears nontrivial and which may elucidate the structure of

Aut(Cy(r)) in general.

6.1.5 Decoding algorithms

The accumulated lore of RM decoding comprises a vast body of results [ASSY23]. An algorithm that
is attuned to our extension of the RM code family is Recursive Projection Aggregation, or RPA, sug-
gested in [YA20]. Given a vector y € F2" received from the channel, decoding proceeds recursively
by reducing the decoding task to several decoding instances of codes of length 2! and aggregating
the obtained results by a majority decision. Each of the shorter codes is obtained as a “projection”
of RM (r,m) on a one-dimensional subspace (x) and its cosets in F3", so there are 2™ — 1 distinct
instances of decoding.

This procedure applies to the codes Cyy(7), where we project the code on standard subgroups
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of rank 1 and their cosets. The authors of [YA20] consider this option in Sec.2 of their paper, where
instead of all the subspaces, they limit the procedure to the m subspaces generated by the standard

basis vectors. We leave a detailed analysis of this decoding for Coxeter codes for future work.

6.1.6 Generalizing to achieve better parameters

A major drawback of Coxeter codes is that they seemingly have worse parameters than RM codes for
any given rank, m. In particular, the distance of high-order Coxeter codes is always equal to 2"
(Corollary 3.2.8), whereas the code length grows much faster than 2" for most Coxeter codes aside
from RM codes. The poor distance occurs because with high-order codes, one can always find m — r
commuting generators in (W, S), which form (m — r)-cubes. Generalizations of Coxeter codes could
avoid this problem. We will mention two broad generalizations here, though we have not examined

their viability in providing better parameters.

Sets of generators

The first generalization is to restrict the possible choices of standard cosets.

Definition 6.1.1. Let (W, .S) be a rank-m Coxeter system, and consider some collection S C P(S) of

subsets of generators. The order-r Coxeter code of type (I, S) is defined as
Cw,s)(r) == Span {1U<UJ€J‘]> |loeW,J CS,[S|=m— 7"} )

If the collection S is chosen to be the collection of singletons S = {{s;} | ¢ € [m]}, then we

recover the standard definition of a Coxeter code.
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Group codes

The following is an extremely broad way to construct group codes, which has likely been studied in

various capacities.

Definition 6.1.2. Let G be a finite group generated by a subset of m elements S C G, i.e., G = (S).

The order-r group code of type (G, S) is a left ideal the group algebra FG := {f: G — F}, defined as

C,s)(r) = Span{lg<J> lge G, JC S, |J|=m-— r}.

Given a group G, one can prove using standard results in group theory that each choice of

generating set S gives a filtration of the group algebra FG, i.e.,

{0} = Cas)(—1) € Ces(0) € -+ C Cs(m—1) C Cg,g(m) =FG,

satisfying the multiplication property Cg sy(11) © Cg,5)(r2) € C(a,s)(r1 + r2). If this generating
set contains only even-order elements, then Cg.5)(r) C Cg,5)(m — r — 1)+, with equality likely
depending on the particular combinatorial structure of the group.

A poor feature of all Coxeter codes is that for any family of Coxeter systems with increasing
rank, {(Wi,, Sim) | [Sm| = m},,,, the group order scales exponentially in the rank, |W,,| = Q(2™).
That is, from a finite-scale perspective, the length of Coxeter codes grows quickly out of control. A
promising direction toward constructing families of shorter codes would be to consider group codes
corresponding to a family of finite groups with explicit generating sets (G}, .S;) for which the number of

group elements (the code length) grows polynomially with the number of generators |G;| = poly(]S;|).
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6.2 Quantum

6.2.1 Logic in quantum Coxeter codes

A natural future direction, following the main results of [BCHK?25], is to give a combinatorial descrip-
tion of the logical circuit implemented by a Z (k)4 operator when A is a standard coset whose rank
satisfies ¢ + kr + 1 < rank A < (k + 1)r. A necessary first step would be to construct a symplectic
basis for QCy (g, ), as we did for quantum RM codes in Lemma 5.1.3. In a few cases— including
the QRM family— the collections of forward and reverse extensions satisfy the symplectic condition.

Unfortunately, this appears to only hold for Cartesian products of A; and A, and fails for all others.

6.2.2 Subcube operators in the X basis

Given the symmetry in the definition of QRM codes, the roles of X and Z stabilizers/logicals can be
reversed by redefining » — m — g — 1 and ¢ — m — r — 1. Thus, our results for the Z (k) subcube
operators translate directly to the case of X (k) := |+)+| + ¢'2F |—)—| operators. For instance, we

have the following analogous version of Theorem 4.2.3 in the X basis:
Theorem 6.2.1. Consider QRM,,(q,r) and suppose A C Z1" is a subcube of .
1. X(k)a implements logical identity if and only if dim A > (k+ 1)(m —q¢—1) + 1.
2. X (k)a performs non-trivial logic if and only if m—r+k(m—q—1) < dim A < (k+1)(m—g—1).

This bound for non-trivial logic is often incompatible with that of the Z-basis case in Theorem 4.2.3.
Since the dimension of any subcube is at most m, Theorem 4.2.3 tells us that Z (k)4 performs non-

trivial logic only when ¢ + kr + 1 < m. For the same reason, Theorem 6.2.1 implies that X (k)
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performs non-trivial logic only when m — r + k(m — ¢ — 1) < m. Adding these two bounds and

rearranging terms, we see

g+kr+14+m—-r+k(m—-qg—1)<2m, (6.1)
q+kr+1—r+km—kq—k—m <0, (6.2)
(k—1)r—(k—1)g+ (k—1)m— (k—1) <0, (6.3)
(k—1)(m—1+7r—q) <0. (6.4)

This inequality is always satisfied when £ = 0, indicative of the existence of logical Pauli operators.
For k > 2 this inequality can never be satisfied, as ¢ < r < m. Thus, a quantum Reed—Muller code
can never simultaneously admit Z (k) 4 and X (k) subcube operators when k& > 2.

In the remaining case where k£ = 1, the inequality is always satisfied. The bound from Theo-
rem 4.2.3 implies that m > ¢ + r 4 1 and the bound from Theorem 6.2.1 implies that m < ¢+ + 1,

som = q + r + 1 is necessary. Ultimately, we have the following:

Corollary 6.2.2.

1. For subcubes A, B T Z%', if a quantum Reed—Muller codes supports a transversal Z (k) 4 for some

k > 2, then it cannot support a transversal X (k)p for any k > 0, and vice versa.

2. When m = q + r + 1 the code QRM 1,+1(q,7) simultaneously supports global Z(1), X (1), and

Hadamard operators. It does not support logical Z (k) or X (k) subcube operators for any k > 2.
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6.2.3 Diagonal and transversal operators in the Clifford hierarchy

The physical operators we consider all share a common DTC structure: they are (1) diagonal, (2)
transversal, and (3) lie in the Clifford hierarchy. Denoting the group of all unitary operators satisfying

these conditions by DTC < U(2)®2m, one implication of Theorem 4.2.3 is that

{ZB) o [ k>0, K € Qi)

generates a group of logical gates for QRM,,(q,r), all with the property that they lie in DTC. Tt
is natural to wonder whether or not the converse is true: are there D'T'C operators that preserve the
code space of QRM,,(q,r), but that cannot be produced via products of the basis subcube operators
indexed by the Q. collections?

Theorem 4.2.3 says that the converse does hold for Z (k) subcube operators. In particular, given
a subcube A C ZI', 7 (k)4 has a decomposition into standard subcube operators indexed by Q.
Additionally, the CSS construction provides a converse statement when k& = 0: if Z); is a logical Z
operator acting on an arbitrary subset M C 73" then it necessarily can be decomposed as a product of
Z ) operators for J € Q. This is, in fact, the statement that the group of undetectable Pauli Z errors for
QRM,,(q,r) is isomorphic to the classical Reed—Muller code of order m —q—1, RM(m —q—1,m).

A possible converse can be formulated in the language of linear codes over rings instead of fields.
For the ring Iy, := Zyr+1, one can construct a family of Reed—Muller-codes over I?j, as submodules of
R?" by drawing inspiration from the geometric construction of RM codes used throughout our paper.!

Do these Rj-Reed—Muller codes fully characterize the DTC logic for quantum RM codes? A more

!Generalizations of Reed—Muller codes to ring alphabets have been previously studied within the framework of finite
ring extensions and Galois rings [BW10]. We believe that the codes we define here are different from the code families
considered in the literature.
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detailed explanation of can be found in Appendix A.

Beyond DTC operators, one can also consider the space of diagonal operators in the Clifford
hierarchy, fully classified in [CGK17]. This prompts us to pose the following question: Can the
geometric structure of quantum RM codes be used to give necessary and sufficient conditions for when
constant-depth circuits from the diagonal Clifford hierarchy perform logic? We have not attempted to

answer it in this paper.

6.2.4 Reducing physical qubit overhead

While we have shown that quantum RM codes support non-trivial logical circuits through the physical
implementation of subcube operators, a priori the parameters of quantum RM codes are largely imprac-
tical for, say, magic-state distillation. For instance, the code length grows exponentially in the dimen-
sion m of the hypercube. The maximal level of the Clifford hierarchy attainable with QRM,,(q,7),
kmax, must satisfy ¢ + ky.xr + 1 < m, so the number of physical qubits needed will likewise grow
exponentially in k... A crucial next step is to reduce the physical qubit overhead of codes that support
transversal logic in higher levels of the Clifford hierarchy.

Puncturing, or removing qubits, is one way to reduce the qubit overhead. Though several magic-
state distillation protocols employ punctured or shortened quantum RM codes, the transversal logic of
punctured quantum RM codes in general is not particularly well understood from both a theoretical
or practical standpoint. The theoretical intuition for how deformed operators perform is nascent, with
early work studying specific deformations [VK22a] or exhaustively enumerating valid code instances
[RCNP20]. Practically, exhaustive enumeration strategies are intractable for larger m; this prevents

the design of distilleries with optimal rate given specified parameters. We hope that an extension of
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our formalisms could elucidate the effects of puncturing, enabling the dynamic design of magic-state
factories.

Our geometric construction of quantum RM codes hints at another way to reduce the number of
physical qubits. Drawing inspiration from several recent works on asymptotically good qLPDC codes
[PK22, LZ22] and constructions of some quantum locally-testable codes [LLLLZ22], one could consider
the quotient of the hypercube by the action of a group. As an example, consider the folded cube graph
obtained by identifying every vertex x € Zy' with its opposite vertex, z = x + 1™ and likewise identi-
fying a subcube A C Z2* with its opposite, A = 1™ + A. This action preserves the commutativity of X
and Z operators defined using (m — ¢)-cubes and (r + 1)-cubes, respectively, and therefore produces a
quantum code with 2™ /2 qubits instead of 2™ qubits. A natural question is whether or not these codes
support transversal logic in the same way as quantum RM codes. More general group actions can also
preserve commutativity of appropriate choices of X and Z subcube operators, while reducing physical
qubit overhead by increasing multiplicative factors. Can the transversal logic implemented on such

codes also be understood using techniques from our work?

6.2.5 The dual view

We have described our results in terms of the m-dimensional hypercube and its complex of subcubes,
but there is another equivalent description of quantum RM codes in terms of the hyperoctahedral com-
plex in m dimensions, which is dual to the hypercube construction. We will now detail this alternative
construction and also show its connection to the ball codes of [VK22a].

In three dimensions there is a well-known duality between the cube and octahedron, where the

vertices of the cube correspond to the triangular faces of the octahedron and the vertices of the octahe-
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dron correspond to the squares of the cube. This duality is easily extended to the higher dimensional
hyperoctahedron. Consider m-dimensional real Euclidean space, R™, and define the coordinate, p;,
which has a 1 in the ¢-th position and 0’s elsewhere. In short, the hyperoctahedron in m-dimensional
space can be defined as the convex hull of the 2m points {+p, } ielm]" This definition, although simple,
does not capture the full simplicial structure of the hyperoctahedron, in the same way that the Boolean
hypercube Z7" does not immediately capture the subcube structure of the hypercube.

Geometrically, an (-simplex o is a collection of ¢ + 1 (affinely) independent set of points in
Euclidean space, i.e., the convex hull of o does not lie in an /-dimensional flat. The dimension of a
simplex is defined as dim o0 = || — 1. If one simplex p is contained in another, p C o, the p is said to
be incident to o and this incidence is denoted by p <X 0. A geometric simplicial complex is a collection
of simplices X = {o} which is (1) downward closed (if ¢ € X and p < o then p € X)), and (2) closed
under intersections. We note that the downward closure property implies that () € X" for any simplicial
complex.

The 2m points V = {£p;} ic[m) can be used to define the m-dimensional hyperoctahedral (sim-
plicial) complex, H,,: A subset of points ¢ C V' is a simplex in H,, if ¢ contains at most one of p;
and —p; for each ¢« € m (but possibly neither). In particular, for each o € H,, there is a unique string
x € {0,1,%}" where x; = 0if p; € 0, ; = 1if —p; € 0, and z; = « if neither £p; € o. Note that the
dimension of ¢ is the number of non-null (x) positions in the corresponding z, and so the dimension
of any simplex in H,, is at most m — 1. In fact, the set {0, 1, %} is in 1-to-1 correspondence with the
simplices in H,,. The vertices of H,, are the strings = € {0, 1, *}" with a single non-null entry (i.e.,
corresponds to a point in {+£p; }) and the facets of H,, are the bit strings 2z € {0, 1}". Tt is straightfor-
ward to show that H,, satisfies the conditions of a simplicial complex. In fact, it is a homogenenous

simplicial complex, meaning that every simplex is incident to some facet in H,,. Further, /,, yields a
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simplicial structure on the (m — 1)-dimensional sphere S™~! C R™: each point +p; has unit length,
and for a simplex in f,,, one can take the convex hull of o on the sphere.

We now connect the m-dimensional hyperoctahedral complex to the hypercube complex. We
recall the definition of the hypercube complex. Consider Z}" with its standard generating set S := {¢; }.

The m-dimensional hypercube is the complex of standard cosets of S in Z1',
{z+<J> ‘ Jgs,zezg"}. 6.5)

In particular, a coset z + (J) is a |J|-dimensional subcube of Z3'. The duality between the hyperocta-

hedron H,, = {{0,1,*}™} and the hypercube Z3" is given by

z; = x; if oy #£ %
x € {0,1,%}" — 2+ (J) where and J = {ei

z; = 0 otherwise

T; = *} , (6.6)

z+ (J) —x € {0,1,+}"™ where : (6.7)

x; =xife; € J

Under this correspondence, vertices of H,,, are equivalent to (m — 1)-cubes in Z3" and facets of H,, are
equivalent to vertices in (elements of) ZJ*. In general, /-simplices in H,, are equivalent to (m — ¢ —1)-
cubes in Z3'. For instance, the empty simplex in H,, corresponds to the entire hypercube. See Fig. 6.1
for the correspondence between the 4 dimensional hypercube and hyperoctahedron.

We can define quantum RM codes using the structure of the hyperoctahedral complex. As there
are 2™ facets in H,,, we will associate physical qubits with these (m — 1)-dimensional simplices in
H,,. Given a simplex 0 € H,,, its neighborhood is defined at the set of facets that it is incident to,

N(o) ={p € Hy,, | 0 = p, dimp = m — 1}. In the same way that we defined subcube operators, we
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can likewise define a simplex operator U, as the operator which acts as the single-qubit gate U on the

qubits in N (o) and as identity otherwise.

Definition 6.2.3 (Alternative definition of QRM,,(q,r), ¢f. Definition 1.4.1). Let 0 < ¢ < r < m
be non-negative integers. The quantum Reed—Muller code of order (¢, r) and length 2™, denoted by
QRM,,(q,r), is defined as the common +1 eigenspace of a Pauli stabilizer group S = (Sx, Sz), with

stabilizer generators given by

Sy = {XU

oisa(q— 1)—simplex} , (6.8)

Sy = {ZU

oisan (m —r — 2)—simplex} , (6.9)

This definition is equivalent to the ball code definition of the hypercube code family given in

[VK22a], where the central vertex of the ball code is given by the empty simplex.

red vertex «— red 3-simplex
blue edge <— blue triangle
yellow square <— yellow edge
purple cube «— purple vertex

Figure 6.1: Equivalence between subcubes of Zj3 and simplices in H.
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Appendix A: Diagonal, Transversal, and Clifford Logic

for QRM Codes

Consider the space of integer-valued functions on the Boolean hypercube, Z[Zy'] = {f: Z3 — 7},
and define the unsigned (resp. signed) indicator function of A T Z35" as 14(z) = 1if x € Aand 0
otherwise (resp. 14(z) = (—1)"l if 2 € A and 0 otherwise). These indicator functions are defined so

that

<Z(k)A> = <1A (mod 2k+1)>, (A1)

<Z(k)A> > <IA (mod 2’““)>. (A2)

Theorem 4.2.3 implies the following:

<ei92(/<;><K> ‘ k€ Zso, KCS, |K|>(k+1)r+1,0¢l0, 27r)> c |J s®, (A.3)
keZZD
and
<ei92(k)<K> ] k€Zso, KCS, |K|>q+kr+1,0€]0, 27r)> cJN® (A
keZZO
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A natural open question of our work is whether or not the reverse inclusion holds, as well. For simplic-
ity we will consider only the undetectable error set, and without global phases. That is, consider the

subgroup generated by the Z (k)(x) operators for K € Q, the index set of k-th level logical operators:

(Z(k) ) kE€Zs K €Q). (A.5)

Question A.1. Does the group generated by standard subcube operators given in Eq. (A.5) fully char-
acterize the group of undetectable Clifford errors for the code QRM,,(q,r) that are diagonal and

transversal? That is, up to global phases, does

(Z)e) | k€ Zso, K€ Q)= |J (DTCHNN®) 2 (A.6)

kEZZO

Our goal in this section is to give a coding-theoretic interpretation of the group in Eq. (A.5). In
particular, we begin by defining so-called linear codes over Zgx+1.

For k € N, let R}, := Zqr+1 denote the ring of integers modulo 2¥+!. Consider now the space of
Ry.-valued functions on the Boolean hypercube, R;[ZY'| == {f: Z3 — Ry}. Ri|ZY] is a free module
over Ry. A submodule, C' C R;[ZY], is called an Ry-linear code of length 2™, or simply a linear code.
For two linear codes, A, B C Ry[Z%], their sum A + B C Ri[ZY'] is a linear code defined by taking
sums of elements in A and B.

As Ry, is not a principal ideal domain (for & > 0), the space Ry[Z}'] fails to have many properties
that a vector space over a field does. For example, not every linear code will have a basis, and even

if a code has a basis the number of elements in two given bases may be different. In other words, the
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dimension of an Rj-linear code may not be well-defined.

Given a function f € Ry[Z4"] it is straightforward to construct a diagonal and transversal opera-

tor in the k-th level of the Clifford Hierarchy. In particular, define Z(f) € C1™ to be

Z(f) = Q) Z(k)'™. (A7)

TEZy

That is, Z(f) acts as Z(k)?(® on the physical qubit indexed by » € ZZ'. Similarly, supposing that
U= ®I€Z§L Z(k)= € C1™ is a diagonal and transversal operation in the k-th level of the Clifford

Hierarchy where each P, € Z, we can define a function fi; € Ri[Z}'] via

fu(x) = P, (mod 2F+1). (A.8)

The space of diagonal, transversal, and k-th level Clifford operators, DTC®, is defined as

DTC® = ¢ Q) Z(k)/™ | f e z(zy) (A.9)

TELy"

As the diagonal and transversal operators in the k-th level of the Clifford Hierarchy admit a natural

action via Ry, by taking powers, we see that

Rz = DTCW (A.10)

as modules over R.

We now proceed to generalize construction of classical RM codes:

Definition A.2 (RMj(r,m)). Forr € {—1,0,...,m}, the Generalized Reed—Muller (GRM) code of
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order r over Ry, denoted RM;(r, m), is defined as the linear code generated by the signed indicator

functions of standard subcubes of dimension at least m — r, taken modulo 2**!:
RMy(r,m) = <I<J> (mod 281 | JC S, |J|>m — r>.
We note that for all & € Z,
<Z(k)<K> ‘ KCS, |K|>(k+1)r+ 1> >~ RMy(m — ((k + 1)r + 1),m). (A.11)

Thus, sufficiency in Theorem 4.2.3 can be rephrased as:
Theorem A.3. Consider QRM,,(q,r).
L If f € RMy(m — ((k+ 1)r + 1), m), then Z(f) € S®.
2. If f € RMy(m — (q+ kr + 1), m), then Z(f) € N®.

Ideally, the converse would hold as well, that any operator U € DTC™®) that is a Clifford error
for QRM,,(q, ) must arise in this way. That is, it would be convenient if the code RMj, (m —(g+
kr+1), m) completely characterized N ) A DTC®), This, however, cannot be the case. In particular,
every function in one level below, k — 1, gives rise to an operator in N'®) via squaring: if f €
RMj,_1(m—(q+(k—1)r+1),m) then Z(f)* € N¥). However, RM_; (m— (¢+ (k—1)r+1),m)
is not a subcode of RM}, (m —(q+kr+1), m). In fact, a priori it is not even an Ri-module! At every
increased level of the Clifford Hierarchy we must include all squares from the level below. We will do
so through the use of the sum of codes, A + B.

To begin with, we must turn RM;_1(m — (¢ + (k — 1)r + 1),m) into an Rj-module. For
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i € {—1,...,k}, define the linear code, 2% - RM,,(r,m) C R.|Z%], via
2k~ RMy,(r,m) = <2’H’ Ly (mod 28N | T C m), |J]| > m — r> : (A.12)

Note thatif i = —1 then 2*~% RM,(r,m) = {0}, and fori > 0 we have 28~*- RM}(r, m) = RM;(r,m)
as Abelian groups.

For any fixed k£ € Z>, we now have the following isomorphisms of Abelian groups:

@Qk_i - RMj,(m — ((i + 1)r + 1), m)

=0

I

<Z(¢)<K> ‘ ie{0,... .k}, KCS§, |K\2(z‘+1)r—|—1>,

(A.13)

and

k
D2 RMy(m — (¢ +ir + 1),m) = <Z(¢)<K> ( ie{0,... k), KCS, |K|> q+ir+1>.
=0
(A.14)
We can therefore rephrase Question A.1 in a coding-theoretic language:

Question A.4. Suppose that U € DTC® for k € Zo and consider QRM,,(q,7). If U € N'*) then

does it hold that

k
fo e @2 RMy(m — (q+ir +1),m)? (A.15)
=0

In particular, does the following isomorphism hold:

k
DTCH A N *) =~ @ka—i - RMy(m — (q+ir +1),m) ? (A.16)

=0
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Note that the base case of this statement is already true, i.e., when k£ = 0, Question A.4 asks if
Nz 2 RM(m —q—1,m), (A.17)

where N7 is the group of Pauli Z errors for the code and RM (m — g — 1, m) is a classical binary RM
code. This statement is true, and it can be shown that treated as vectors of F?" a Z logical must be dual
to every X stabilizer. In other words, one shows that Nz = RM (m — ¢ — 1,m) by, in fact, proving
that N’y = RM (q, m)=*, and using the duality relation of RM codes the desired characterization holds.

A potential proof of Question A.4 would likely follow the same line of thought: given a Z(f) €

N*) can one prove that f € R,[ZJ'] is dual to every function g where

k 1
gc (@z’fi.RMk(m— (q—i—z’r—l—l),m)) ? (A.18)
=0

We have not defined a symmetric bilinear form on Rj[Z4'] here, though a natural one can be defined
and dual spaces behave as one may expect, e.g., (C1)+ = C, even in the case of Ry-modules. A
natural first step towards answering Question A.4 in the affirmative would be characterizing the space

in Eq. (A.18) in terms of generalized RM codes, as opposed to the dual of generalized RM codes.
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Appendix B: Building Codes

We now detail constructions of two more classical code families, each of which is a direct generaliza-
tion of the Coxeter code family. This generalization will be based on the notion of a Tits building, or
simply, a building.

As usual, let (W, S) be a Coxeter system with finite 1¥. The main group-theoretic object needed
to define Coxeter codes was the collection of all standard cosets {w(.J)} of W. Informally speaking,
this collection is known as the Coxeter complex corresponding to (W, S); Coxeter complexes are the
simplest examples of buildings. Before we give the formal definition of buildings, we will provide
some intuition and give two characterizations of standard cosets that lead to our generalizations.

First, recall the definition of the Cayley graph of a Coxeter system:

Definition 3.4.1. The Cayley graph of a Coxeter system (W, .S) is a graph G = (V, E) with vertices

given by elements of the group V' := W, and with edges given by
E = {(wv)|w'veS}.

Fig. B.1 shows several Cayley graphs of both reducible (Cartesian product) and irreducible Cox-
eter systems.

The first characterization of standard cosets is the following: a standard coset of type J is a
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subset of vertices in G whose induced subgraph is isomorphic to the Cayley graph for the Coxeter
system ((J), J). Essentially, standard cosets are collections of group elements which, themselves, look
like Coxeter subcomplexes within 1/. We refer to standard cosets in this view as “subapartments” of
the Coxeter complex; the terminology will be explained later.

The second characterization is also quite simple, but we will need to make use of a natural edge
coloring on GG (which we have alluded to in Fig. B.1). To each generator in the set S we associate a
unique color. An edge coloring c: 2 — S is given via the following: for a pair of vertices w,v € W
connected by an edge (w,v) € E, declare the color of the edge to be c(w,v) := w™'v € S. By abuse
of terminology we will refer to elements of S as generators or colors, interchangeably.

Now, consider a set J C S of colors and remove all edges with colors not in .J. A standard coset
of type J is then a connected component of this induced subgraph. In this view, standard cosets are
called “residues” of the Coxeter complex. Residues are characterized by the fact that for each pair of
elements wy, ws € w(.J), the geodesics (paths of minimal length) from w; to ws contain only colors
from J, and a geodesic from w; € w(J) to any element v ¢ w(.J) must contain a color outside of .J.

To motivate buildings, we note that the edge coloring on G is intimately related to the structure

(a) (c) (d)

Figure B.1: Cayley graphs of some simple Coxeter systems: (a) A;, generated by a single reflection. (b)
A; x Ajp, generated by two commuting reflections. (c) Az, the symmetric group on 3 letters. (d) As, the
symmetric group on 4 letters. We have seen this earlier in Fig. 1.1.
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of W (in many more ways than we can describe here). For example, recall that the length of an
element w € W is the minimum number of elements from S needed to generate it. That is, {(w) = ¢’
if there is a decomposition w = o109 - - - oy with g; € S for all i € [¢'], and any decomposition of w
using elements of S contains at least ¢’ terms. Proposition 2.16 of [AB0O8] demonstrates that the set of
elements from S appearing in such a minimum-length decomposition of w is unique. In terms of the
Cayley graph, this implies that any geodesic connecting the vertex representing the identity element in
G to the vertex representing w contains only colors from this set.

The edge-coloring of GG can be extended in a way that is far more powerful: the W -metric, or
Weyl metric, on W is a function 6: W x W — W defined via §(w,v) = w™ v for all w,v € W.
The “metric” terminology refers to the fact that 0 (w, v) captures information about both geodesics and
distances within the Cayley graph: In analogy to geodesics from identity to an element w € W, for
any pair of elements w,v € W the set of edge colors in a geodesic from w to v is an invariant—
in particular, it is all generators appearing in a minimum-length decomposition of the Weyl dis-
tance (w,v). Further, the length of §(w,v) corresponds to the distance between the two vertices:
0(0(w,v)) = dist(w, v).

The following definition, which is formally very similar to the notion of an edge-colored graph,

is one common starting point for buildings.

Definition B.1 (Chamber systems; Adapted from [ABO8], Def 5.21). A chamber system over an arbi-
trary finite set I is a non-empty set A, whose elements are called chambers, together with |I| equiv-
alence relations {~;},., on A. Two distinct chambers w,v € A are called i-adjacent if v ~; w, and
simply adjacent if they are i-adjacent for some ¢ € I. The equivalence classes with respect to ~; are

called ¢-panels, and a panel is an i-panel for some ¢ € 1.
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A gallery of length ' connecting go, gr € A is a sequence of consecutively adjacent chambers
90,91, ---,ge. The type of the gallery is the sequence & = (iy,...,%y) where g;_; and g; are i;-

adjacent for z; € I.

One can visualize a chamber system A over [ as an edge-colored graph with vertices given by
the chambers and with i-colored edges given by i-adjacent chambers w,v € A. ! Since ~; is an
equivalence relation, such a graph will contain many single-color cliques; these cliques are precisely
the panels.

As the generators of a Coxeter system are involutive, the Cayley graph of (¥, S) is a chamber
system over the set of generators S; buildings are certain chamber systems over the generators of a
Coxeter system that share many structural properties with Coxeter complexes. As usual, we suppose

that (17, S) is a fixed Coxeter system.

Definition B.2 ([ABO8], Prop. 5.23). A pair (A, ) is a building of type (W, S) if A is a chamber
system over S, and 0: A x A — W is a map, called the Weyl distance function, which satisfies
the following for all pairs g, h € A and all sequences of generators & = (01, 09, ..., 0, ) for which

Uoyog---op) =1"
There exists a gallery of type ¢ connecting g and h if and only if §(g, h) = o109 - - 0.
The rank of (A, ) is |S|. For simplicity, we will refer to A as a building.

We will not attempt to motivate the Weyl distance function, we will only note that 11 together
with § defined by 6(w, v) :== w™ v satisfies the requirements of a building. We also clarify that while
we have not explicitly defined the equivalence relations ~, needed in the definition of a chamber

system, they are implicitly given by g ~, h if and only if 6(g, h) = s;.

'Indeed, the approach taken in [Wei03] is to define chamber systems as certain edge-colored graphs.
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It is perhaps surprising that a relatively short definition leads to such a bountiful area of mathe-
matics, but indeed there are a plethora of textbooks dedicated to the study of buildings, [ABO8, Wei(3]
being two popular choices. We will introduce only those concepts that directly pertain to the gener-
alizations of Coxeter codes we construct. In particular, we will define the two extensions of standard
cosets to the setting of buildings.

For the remainder, we suppose that A is a rank-m building of type (W, S), where |I¥| and |A|
are both finite. Such a building would typically be referred to as a finite spherical building, with
“spherical” referring to the finiteness of the Coxeter group. Let FA := {f: A — F} denote the space
of Boolean-valued functions on the chambers of A, and let eval f € FI2! denote the bit string of length
|A| obtained by evaluating f on each of the chambers (the ordering can be chosen arbitrarily). Our

generalizations of Coxeter codes will be subspaces of FI"V1.

Definition B.3. A building is called thick (resp. thin) if every panel contains at least 3 (resp. exactly

2) chambers.

Note that because every generator of a Coxeter group is an involution, all Coxeter complexes are
thin buildings. In Fig. B.2 we show a few simple examples of thick buildings. These figures will be a
useful visual tool which we will refer to throughout.

Recall that our first characterization of standard cosets was as subsets of the Cayley graph of
W that were isomorphic to Cayley graphs of standard subgroups. We will extend this definition to

buildings via “subapartments”.

Definition B.4. A subbuilding of A is a non-empty subset of chambers Ay C A for which (A, dp) is

a building, itself, where dy is the restriction of § to Ay x Ay.
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Definition B.5. An apartment of A is a thin subbuilding of A with rank equal to m, the rank of A. A
subapartment is any subbuilding of an apartment, or, equvivalently, a thin subbuilding of A with rank

possibly less than m.

Fact B.6 ([Wei03], Prop. 8.11). A building (A, 9) of type (W, S) is thin if and only if A = W and

§(w,v) = w v forall w,v € W.2

Thus, apartments appear as copies of the Cayley graph of (W, .S) within the graph of A, and
subapartments appear as copies of standard subgroups of (W, .S). While it is not immediately obvious
that apartments must exist for every building, Theorem 5.73 of [ABOS8] proves that every building has
apartments.

We now have our first generalization of Definition 1.2.1:

Definition B.7 (Subapartment codes). Let A be a finite building of rank m. The order-r subapartment

code of type A is defined as
AA(r) = Spang {eval(lA) ‘ A is a subapartment of A with rank A = m — r} . (B.1)

Since the collection of subapartments with rank equal to 1 is exactly the set of edges in A, the
code Ax(m — 1) is the single parity check code of length |A].

We now turn our attention to the second generalization.

Definition B.8 ([AB08], Def. 5.26). Let J C S. Two chambers g, h € A are called J-equivalent if
d(g,h) € (J). This is a valid equivalence relation on A, and the equivalence classes for a given .J are
called J-residues. The rank of a J-residue, R C A, is rank R = |J|. A residue is any J-residue with

J C S; apanel is a residue with rank equal to 1.

2We really mean that A is isometric to the Coxeter complex of (W, S), in a certain technical sense.
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As in the Coxeter group case, .J-residues of A arise as connected components of the subgraph

of A obtained by deleting edges with colors not in .J. In particular, panels are the single-color cliques

in A.

Definition B.9 (Residue codes). Let A be a finite building of rank m. The order-r residue code of type

A is defined as
Ba(r) := Spang {eval(lR) ‘ R is aresidue of A with rank R =m — r} . (B.2)

As there is only a single residue of rank m, namely, the entirety of A, we have that BA(0) is the
repetition code.
It 1s straightforward to verify that the subapartment and residue codes are valid generalizations

of Coxeter codes:

Proposition B.10. The definitions of residues and subapartments coincide in a Coxeter complex. In

particular, for every (W, S) of rank m and r € {—1,...,m}, we have Ay (r) = By (r) = Cy (7).

Now, we note that the subapartment and residue code families already share some simple duality
properties: Because Ax(m — 1) is the single parity-check code and B (0) is the repetition code, we
have BA(0)t = Aa(m — 1). What’s more, the collections of rank-0 subapartments and residues
coincide (corresponding to all of the chambers) and no rank-(m + 1) subapartments or residues exist.
Thus, Ax(m) = Ba(m) = FIA and Ax(—1) = Ba(—1) = {0141}, so we further have Ax(—1)* =

Ba(m). In light of these dualities and Proposition B.10, one may naturally wonder the following:

Question B.11. Are the subapartment and residue codes dual to each other for every finite building?
That is, do the codes satisfy A (r) = Ba(m—r— 1)~ for all finite rank-m buildings A and all possible
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orders r?

We do have evidence to believe Question B.11 is answered in the affirmative, aside from the fact
it is true when A is thin. Numerically, it is easy to verify that the answer is yes in the case when A
is a certain graph related to the Fano plane and when it is Inc( K3 3), the edge-vertex incidence graph
of the complete bipartite graph with 3 left and right vertices each. See Fig. B.2 for pictures of these
buildings.

Perhaps more indicative is the following duality relation:

Proposition B.12. Ler A be a finite building of rank m. For all v € {0, ..., m}, the subapartment and

residue codes satisfy

Aa(r) € Ba(m —r — 1)

We will not prove this here, but the result is a fairly simple exercise once one grasps the basic
properties of buildings. To prove Proposition B.12, one must simply show that every rank-(m — r)
subapartment and every rank-(r+ 1) residue overlap on an even number of vertices. The intersection of
two such subbuildings (supposing their intersection is non-empty) is necessarily a subapartment with
strictly positive rank, which we showed explicitly for Coxeter systems in the proof of Lemma 2.6.5.
Since subapartments are isomorphic to Coxeter complexes, Lemma 2.6.3 implies that the number of
chambers in this intersection must be even.

Providing a positive answer to Question B.11 thus reduces to showing that the dimensions of the
two codes are equal. In the case of Coxeter codes we did this by constructing a basis and by using
the fact dim C' + dim C+ = n for all length n codes. While we have not explored this, there is a
natural option to consider as a basis for the residue codes. There is a dual view to the chamber system
definition of a building in terms of simplicial complexes. These simplicial complexes always admit a
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shelling order ([Sta96], Def. 2.1) which is automatically a basis of the space FA in terms of indicator
functions of residues with various ranks. This basis directly generalizes the extensions we used as a
basis for a Coxeter code; perhaps an analogous version of Theorem 3.1.6 holds for the basis arising
from a shelling. We leave this direction, as well as determining the validity of Question B.11, for

future work.

Figure B.2: Examples of thick finite spherical buildings. The subgraphs induced by shaded chambers
denote an apartment in the building, and correspond to the respective Coxeter systems in Fig. B.1.

(a) A rank-1 building of type A;. All buildings of this type are cliques.

(b) A rank-2 building of type A; x A;. The apartments in the building are all squares. This building cor-
responds to the edge-line incidence graph of the compete bipartite graph K3 3. That is, chambers represent
edges of K33 3, and there is an edge in the building whenever two edges of K3 3 are incident to the same
vertex. Whether this connecting vertex is in the left or right vertex set determines the color of the edge in the
building.

(c) A rank-2 building of type A,. The apartments in the building are all hexagons. This building is related to
the Fano plane, i.e., the finite projective plane PG(2, 2) in the following way: each chamber corresponds to
a pair (p, L) where p is a point on the plane, L is a line on the plane, and p lies on L. Two chambers (p;, L1)
and (po, Lo), are connected by a red (resp. blue) edge in the building whenever p; lies on Lo (resp. po lies
on L1).
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